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where e is the sl'pe at C X, Qi- B };='g’ ? ;j' &  l :(? )

i. Thraughcut the rhspter emphasis is . d dg tﬁé,s;mpiéat‘ )
;f'ﬁan;trivia case,, a = E“'lfe aasum;’ é‘-wf;A‘“%hat—the; ]_KQ\.-_‘

graph af —-2* : has a Fa?gent at the pt:int P(0, 1) %&
jaining P to ngafby pcints, it 1s made plaupible that the .

vﬁ'slape k of thia tangeg;jts apprcximately Q 69
r i‘ Once this’ 15 granted there 15 ﬁlain sailing‘_ Tt is easy

" "to show that if ftg f:iex; f'(x) = ko* By the. deviee Df ex—

f“pressiqg a as a power @fgf?(a.=a§i)fiexplained in 4-4, we show
!eé that for . BT a 'ﬁ*, ' oy :f@ R . R
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astlﬂatlng its value
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E

In the ag pendix (4 12) there will be feund a furthér dis

icussiaﬁ of E”;~ infparticular, scme indicatian of ‘the GQHHEGtiQﬂ“

g between equations (5) and 7) i§54 6.
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B%caui of the emphasié put \;n the special’ caae k a - =2,

* ’ it is imp@rtant ta familiarize the studengi;ery thercughly with

ihe use af the table of values Qf oX S@me remarks CGﬂQEPﬁiﬁg

the cénstrucﬁicn Qf this ‘table are glven' telaw - [The student
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) It is expegted that at least the first type will be 1neluded

-advantage that cnly pcwérs &f P need: be 1ﬁvalved
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1n view cf\the current 1bterest ig radicaetivity* It has the_
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paid becausé of ‘the. light Which it throws '-nthe functicn
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earlier¥1n the text (inng?pter 3 aftEP Qcmpasiticn Df
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p E l'
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" lapse between idea ﬁﬁiiappiicaticﬁ i%?reduc%d tc a minimum
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‘V-”Tg- Thia problem involVes the mqre genéfal situaticn Where i

; or N(a + k) = N(a)b N E@t a #,3; -;-3/§'. Théﬂ7‘;2 }¥j¢u,:-
N3+ 3/2) = 1; 1,600,000 - 1\1(3)133/E 200,000 53/2

w

v -
. Therefore, éoo 000" g_goo 000 b3/2 “or b2 - 8

Y
" and -b = 4, Hence, N(n) N(D)4 . 'a'igipartieular'
| N(3) =4200,000 = N(0)4°.. Thérefcre,' N(0) = 200,000 « 473 s
jl,' Thé fcrmula iaA N(n) now may be Written ;S B

60 Qod 4“’3 Con ST

(5). 200,000 - 45 3§§§3 200,000
n =1 1/2, N(l l/E) = EQQ QGQ l_l/E %.3 -:.
"= 200, Déo !'45372 = 200,000 - 1/8;: EE,ODUgﬁ

]
\m

-

Co N(n)

N

o (a) If n=s5,

'Z\

T

)
-,
o
Mo
*T‘.‘.u
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a0 (e) e’ N(n) 8@0 000 ; then EDQ DQD\\

n- ? _ %l’

= SQQQGOQ, and Ch P Tberefcféiih -3 =1."

ﬁ?x . : : . L
and n' =4, - ~

Sgluticns té Exercises 4 Ea o - ﬁ ' ‘ nges 233-234
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JIf méz;D,r then we know that a§‘§ 1;' Hencé, -~
- am:_ an g_aoai éﬁiz,l veal = P = VO+n ;.am+§!, A

I
4]
I
f

similar argument holds 1f uﬁ = 0, Thusiithei?gie is
destablished for m, ‘n=0, .1, 2, ... . .-

'5) NGW'SEEPDEE n < 0,.m > 0. Then
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forgfhis case.

(2) If m< -n (m need not be O), then let

.4 - m+ k'=-n where .k =1, 2, 3, .2. . Hence,

i
\
|
|
|
v
It

R .
S e

Gn;e again am . al = a =~ , completing all-
the possdibilities,
. . Y

2. a) Suppose m, n =0, 1, 2, 3,

H
"
=
w

’ om0 0" n 0]
0, then (a) =(a’) =1"=1=a"

il
m

: . n N X ,
If n=0, then (a") = (a") =1=a" =a

. Now ‘suppose m # 0, n # 0. Then (a™) means that

a™ 18 used as a factor n times:
~ . n 3 .
(&™) =4g" - a" . ... - a"

— — — -]

. T m
n ‘factora of a




80 that ;(\gm) = a™, '. ,

¢ -
180
But 2" 1tself is the pfoduct when a' 1s tpken as a
factor m .,times, el = a a - .g; . a':r Replacing

. I |
k)

& m éfactors B _ -

. - .; ‘ 7 . _) ﬁ
n "o . : - 4

a™ by 1its expanded,for@jg "a.a .« .. ca"in.
(a ) .we seef that— A8 uééd as a factor mn times

— N
T

" ye have established the rule (am)ni!amﬁ ‘f§r=’
m, ﬁ = 0, 1,2, 3, ;{;l .. In faet, if m or n=0,
the csther‘ !leeci nc)t.rbe* restricted td “the non- ﬂegative
iﬁteggrs‘ ThHe proof goes thrgugp for this Fgre general

case. N S

Now supﬁase m=-1, -2, ;..; n=1, 2, Béi

-n factors

Now suppose, m = 1, 2; w.e3 n=-1, -2, 3, ... then

'm)n 1 _ 1 1 _ ,mn

(a”,

|
[l
o

ST At e

Finally, suppose m = - 1, -2, ... ;5 n=-1, -2,

S o ,
then (a™) 1 T S 1

a
-
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*’  This completes. the proof that (a™) for integFai. -

values of m and n' : e .

3, 10@0(8 E/3) 1&300-%-8??;

fl

: -3/2 -3 o Cog 3 .
3@ =D =sB®¥ea 5 =8 '

is an ingreasing function as x increases,

'in order of decreasing value from the left we have -

(+7/2)87h), 3" /3,923, (278/9)° ) 73

'7/1c . N7

52,7 _ 52 Jg‘-l,l

5-;‘.’ = = = + e - = )“

. b4 o -
8™ = (%) , then 8™ =82 and m = 2.
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f 2 al e i
;(3 ) , then Eam':;§§ and
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e
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then 2 =2 . and 20 = 4m

(SSDthat ms=5 5
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‘ It might be well to obtain sa?e rational powers of ° E
befare resafting to the table on page 235 The. table the?f‘
becomes more mean ggful to the stude't, and méreov&r, there
is a better ngtiar}‘cf‘ the increasing nature of \f : x—e D

\
{ ‘I‘he ratianal powers of 2 that . .are most. readily )ec:mputéd are

25, 2:25 575 5.125 ,.625 ,.875 .. 0 §ag obtaihed by

L)

successive square roots of 2 and takin% appropriate products.

wThus,,i 2 75 = 5 . 2'256. This ééu,ld have been i@bﬁai'ﬂea,
also!, by fiﬁding the square root of +8 . Thus 23/4 = 81/%

ir these valués are abtained and listed :Ln ar‘der, we get

.gf.ppr'as;!-:ima’l:e13rj : : . o ) ) \
. 7 '
i =
T . L . AT
P 2 Intermediate values of 2
0.000 .may be obtained by linear inter-
- 125 polation within a very small
250 o ,
ey error. Thus, using the familiar
.375 :
. 500 ’ " interpeolation technique we get
ngf% . 4 from thﬁ table ,
'750
L =) i
.875 2°° = 1 150 instead of 1.149
1.000 ) 8 .- m 7
- 2'7 = ;.742 instead: of 1.741.

It might be helpf‘uf ap@ ‘a time-saver to have-a class-chart -

of the table of values of 2¥° as glven on page 235.

Ll

16
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_‘,Sir;lut,i@ﬁgtg E?ié?@is,,,é?‘#ﬁb-g , ' Pages 235—236
. | \ B ) B ' . . . : R

1. a) 2% = 2128 250 5255 5(1.189) ~ 2.378

b) 2" o /e e . JI.alh E(Klglgg)f '

i

2.378

S o | e |
2. a) 213 -2 . 2:15 % 2(1.110) = 2:220 i
\_ 1 b) 22*55: 2 . 205 & 4(1.569) = 6.276 S

o) 2958 _ 555 5.03 4 (1.46+)(1,102101) ~ 1,49

é) 23@;72 2é1+,25?ﬂf%{é-25)(2.®3}
| ®.5 v 1,189 . 1.02101 % ,61

3. a) B8 L (29):84 252 2 55 502

%:4(1!414)(15’9333536) ~5.Th

-0.63 Cme T

“ .
_ ol 1, .25 .01

) esT083 L (o2

U

2(1. iS_Q)(l’EDO_fi?QE) ~ 2,30,

' r .
r 2 S

0 .0625
6 . .0825
-3.2 . 109 o
8 L1k
T .190
2.0 .250
-1.6 .330
-1.2 435
-0.8 575
-0.4 .758

.640
82
.596
.0Ch
.000

' oV E W |
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R Sﬁlutiana tg_ Exerc:ises Lr 3 N Pagegffg @

_El lff N2, 22 2.2 , fﬁe might permit as much as a

- B! b)) 22“65 6. 28 N 653 Lo leewsy from these arfglgr; S
| | o

¢ o
© B

58 ' ’ 7‘ 7‘.7777 5 + 4

é-c) E- M1, 49 ~ 1 5 - :if the graph is net}blcm‘n up.

/e 2 2072 61%5 e .
. : 2., - A E:Dmpariaaf‘;}mul% Pevéal a Qlff‘enénc:e C)f nc\t m@re than 2.

.\/51 1,73 o : e 0

‘ 3 g) 2 TR 3.32.% 3.3 o N _/,
PR b) 2w 2314%f8 &g§£38': o IR
c) lﬂT/Lfﬁ =19~ 58 m.6

" No. I&If }:@ 1s a real mlmber such that E = 0, and

=

if ¥y iS\ any real number whatever, then y - x ’is‘a

real number, o =% is thefef@r'é déflned a;nd ‘we have AR

9

2

S : P Eyix ] sgx ; Eya,}; . D = D:

joobut o VXX ¥
therefore - oY =0 &
for every real numbep y. But
1 . =

5. a) 1 2X =6, 2.58 ~ 6‘, :
“d

X

o
h —
—
i
ST,
i
=
g
- ,ﬂ’
" k ‘H‘
]

>* = 3.8

Solutions to E}?fercises A4 Pages 246-247 e

\
\Zq is guggested that thege exercFSEﬁ be checked by u.;.ing ’
t

the graph of x—-—;x




= 00,

> —
4 N
/. -
vt
- T )
.
o

134k 8.3

+ Using the gi‘:agh_of‘a x—w 2%

QQickiy.

6.

2?6 oy

W
[}

-
Then 2°

42

&

one obtains

T./,64(1.110)(1.02819) & 73

d-’( =

+=

™,

-2 02 ‘(!L .' 320) (1. él&\éé) "

2. 65

S

o R
o g+_z+‘10 .

- 5 Taﬁgent Lines ta Eﬁpanential Curves

(x

T{_L'- . . .o&

PR

3??# \héﬂﬁé{ . éfgf'
Lo N e

- N . L
5 - ' )
'

R 1A

is also Peaéacff the grap&%aé 1.3.

as = 2,65

¥ ‘EZ‘%l

2

1

It. nlght be appr@priate at this point ta review thg

Yo)

is

YVt Yy

m =

X

o T ¥y

—

<0

‘methods for finding the_glape I va line, and tha equation Qf

U dr14nes '« The smpe, m, of the line?through P (}cl, yl) and
., .

pPQVidaé % # X5



. L ‘o : l. i “ T 'ﬁé&f;
'I‘he eqwﬂa‘sﬁon of * g llne ‘thrﬂ“trgh ‘1 axd P is ¥ - ¥1 - m(-x :-x
. * he Elép‘ ‘ See Secticn‘é 1 é Lr ‘E‘"‘_‘? N
: 'I‘he f‘,@’, !A%\Zrcise‘s might help _’m tha recall: ‘

T‘m x‘\R:Lnﬂ HhewSlopé c::f‘ ‘the 11113 P, Pl ;nd P’é !a;e*“ |
“';v—. S 1-{:ceja,teti at ~ T A \\‘ - \(/ = &\
o a) ‘:_(1,&2) : (4;. KON ;e)"‘ 2}, (3, 5)m o Qa
I VAN TR D (1, 3t ) ¢, 2, 3, "
Cooei00), s 1) @) (1, c2) (8, )
- _ ¢ ﬂ)?"’;(O, =1),, (.5, 1.3) . h) (0, 0), (-3, ,7)
e Y C A P CEN O
: -~ -
I, Find the equaﬁion of the line on the points in l
III Unzlar what gircmstarxces are the 1ipe§ v o= mx + ?3 "
@& a;%;sd y = m'x + b ‘E (v # b‘) , ‘ ; }
a) parallel? bi per‘pemiiculaf'? v ¥
SO o .
Solutions to &{EI“CiSé{S 4-5a § Péiées §4§!ESD§§ J _
* o) ?;11_401 R A |
y Y ~ 2(1.866) = .933
.
o279y 008 L, -0l _ -1 95 o
d) —31—=. 5 =68 27 = 2 2 2
g "~ L(1.932)(1.02819) ¢
1
| N .9932 - "
A eompariscm reveals that both’ (a) and (b) gave ‘131“;‘531“{
fesugltas; fc;r " l\;ﬁ .69314 while (c¢) and (d) gave smaller results
A\}e%age of values for k 1in (b) and (c) 72 é 67 .1é3@
- = -.c;g»;;: which is \!Ef‘;y close to ks .0G3, e ‘
/




. Solutions td Exercises 4-5b, -’

_held fixed

\ ~\‘ 188 "
i ‘ B _
Slope from. graph ==== 7 « T < k = ,593 .
:: : ' Sap - }: B _ = -
f o x—est = (22) = 22 1f we rmmber t:he séle for

f: xﬁ*’é f:c?c:m '(‘.’.) to: 1 5, halving't’he exisﬁ;ng scale
on page 12; (TC) “we get the graph Df é‘le functioh
x'ﬁ!—‘éyx. (see Qage 13& of T.C.)

‘S1ope for xiﬁ—4x' at, {0, 1) 1s 2k as the

abscissas are divided by 2 while the ordinates are

Law]
m\

252-253

: * ¥ * 3\ ( h V '\.,, 'h, -
1. x-ﬁFE has’the slope % - 2" at> (h, 2") , k= .69
e At (1, 2) the slope 18 k i_21\; ok 2(.69) = 1.38 & 1.4
; v ’ :
Yau ‘should Eet scmet%ng c:lc;se to h from the graph.
N i
- \II‘J usinp‘ the gr’aph use an :I_nﬁerval of 1 or 2 for the -
. ) _ _
¢ \absc, sa to ease your aritl‘métlc
-3 .'Abscissg; of Point Slope k - Eh‘ i Slope = 2%
o ~ for ;—rg?’i at (h, Eh) f@r?f;csn-;{
O kK & .05 0
1 2k ® 1.38 v S
2 Ly = 2,76 o
1 ~ - T,
-1 i , Sk M .35 ; -2
R - . 1, = B ’ : .y
-2 g I‘:}C &~ c'17 =4
L 4
3. Cheﬂgﬂé craphically: Use the graph on page 12 of T.C.
" 4, As thesslope of x—e2% a2t (h, Eh) is approximately
GG o' ' the slope is positive for.real h so that the )

4



, irate of Ghaﬂg,% ;L§ pcsitive Hence, the I:ate c:f‘ chaﬂge

aﬂ§ ‘(h‘+fu E’D‘H‘l) is

r"i’

. as the slope at (h, a

R - ce : - . ‘
) ’ :L ",‘i'} ’ ’ . T ) . s LT . i

=

x»:r"&_\?

of s(:v;i*% ;15 p@sltiv’e I‘m;ﬁagll real Xx afld is never

o Cor negative. 'I‘he al@pe f‘urxcticn for xﬁt—xg ;ii's 2x.

oo ~ N
Hence the rate of change for zs;f—t-xg is positive,tzero,

or z{egati{fe respectively. )
Tﬁékslapg of f : :::-Epa_x' at (h, ah) may be  found
as- follows: "%hé slope of fhe iiﬂe.!eontaining - (n,.a%),
u

a Yt ah h(a - 1) _ ﬁh("é’ Y. 1) __}Efah(éﬁ;})
- u u T aqu

Hence, as u ‘(or aqu) approaches O, theslape of the

_-seéaﬁt 1ine ap’prc:éches CE a -k wh;ch is the slopeg of

the 1imit1ng seeant .or the tangent. It will be @ongenierﬁfgx

oL,

!k

to write the appraxima,_tian ,696fa where a
. ﬁ) .

a \

;Sclutic;nata Exerclses 4-5c- Pages 255%56

1.

e
# ﬂi
d
&
3
\
t,
*

For this problem; the slope = ka8t = 8 dk where Eci

- Hence & = 3 and the slope at (1, 8) 1s 8 .3 - k =

We have®derived the glope at (h, ah); for £ bx ﬁx*ax‘ ;
as C’i"l{ah above. Hence, the equaticm c:fk'the tarxgent line

through (k%si a2y is y - ab = (ILcah(

X - h) where
o “{

a=2" and k ®™.69

! A
At (1, 8) .the silope of f : x—=8% 13 found as follows,

We have the general formula, slope = k c;tah ~ .69 ciah,

[
m\

]

o
o+

=

B 24(.69) ®.16.5 or. 17" roughly.



o —~

R lg)é* - |
-At (2/8,5’4)_\ Wésget fcr C’L,"}{:ah, 3 ke 82/3 =3 - L 4 ‘1 -y
or approxinately .8.3 .. / «c

3. f %c—a—(ﬁ)x
M, 2) 15 .5k «vZ2= 5k - 2=k . Hence, the

oL . B . L S [
oI - Hence &= .5 .- The slope at

B

equation of the tangent at (2, 2) ‘18 ¥y S2 = }c(:}; - 2)
 where k = 69, L : o

b, f rox—ed® = 22% so that  « =

1]
My
i
o
>
"

= 2, the slope

15 2 - k - 42 3ok & 32(.69).% 22

\ The g/raﬁh on page 12 does not érl;énd to x £2

¥

'We majf, however, find.the siope for x—4% at x =1\
which 18 . 2--" k - .'E_‘E =81{ and then multiply the answer

by 4. If we do this we get 4 . 5.5

22 approximately.
As the graph is very steep here it 1s acceptable to have

~ 7 an answer anywhere from 20 to 24, )
5. We are given the slope at (h; ah);, for x—ea’ as _Eah.
Hence, Eat_l: ~ « k- al » 80 that 2 = Lk or

. 2. mo.g . As a=2%, a=o/¥mp?9

< ¥

R
i
= Ino
o
u
Mo
W
b
T
Y
fl

X\\z 22 |, o9 m 4(1.866) = 7.5 . Hence, a ™ 75

6 The slope of RS

The slope of PQ

The value of f : X—e&" at’ R(x, a®) 1s a* . Hence

the slope of RS = (value of f at R) . (slope of PQ)

_ N .
a¥(a® r 1) _ x . &% -1
R ) 5

3
. b ’I, . - a




I 2 oo
r—‘\, : S 7 : ,"‘191 ., . o, .-77 * . 0.01x
The slope of the Iine contalning (0, 1) ~and (0.01, 47-7°)

e . ’ N 4@;9; g l ‘ 72@:02 - 7’

1y St :
o .01 ~ 1 .01
. . (—"' B €

- Tiifé 1.396.

_@t_ (0, I) the siépé of the gréph for f : x-—e4% -
v g ;2k,~ﬁh1cﬁ'is approximately 2(.693) =+1.386. Hence,
the error is sbout .01 in 1.39 which 1s less than
it ﬁércent? ) | g i ; § 3
vagi? is pésgfblé to do this problem without thQQStep-by
step gfaphiﬁg, Suppose thérgragh were made pérféctly
~and that‘thé.seqﬁence of ééints obtained 'is _(B,‘yi),d

(*_1-‘ yg)# ('21 Yg‘); LRI (l-Og QQ Yll)- Then :"

1+ .2=1.2 (the .1 is the abscissa
difference.)

(1.2)2
(1.2)%

Io Zyl + E(Yl)(-l)

¥3 = ¥p + 2(y,)0(.1)
yl& = Y:g + 2(?3)(1)

1.2y,
1.2y,

1]
i

¥

] .
# The following table gives the coordinates:




%
=
0 .
. \m
w
kw

fa ]

’
"

R A

-

I

Plot these péiﬁt%ff Then the-
= - o ’
9

B 1ine containing consecutive-
73 ' “points is drawn for every pair: .

5y

= wnH O

»,07  .The set of lines then approxi- -/

-4

1

1

2

339 . ' mately, encloses the. graph for
2.98 © w7 -2;%- 7 } |
3.58 f : x=—=e”" which jll; be .

4
5
6

O 0 N_vU 4w |

.29 discussed in the next section.

i
rf

(e
L]

- W ) o )
From|{ the graph so obtained

[l
(=
W._J\

- b6.17T #- _ 7 |
. .83 > on page 21-, for x = 1,

o oo ® N

?697; ;y ~ 6.2, approximating (not
2

£00 well) e“m (2.72)° % 7.5 .

i

In Exercise 5, when x.

1, . the corresponding point 15 at
(1, 7.5). Hence, y = Ti5-ﬁjwh;$h 1s approximately ’eg)_
9. This problem 1s like Exercise 8, But easier. Using a simi-

lar analysis we get - ' _ . .

1 = 1

=
L
I
ny

- 1.1y, = (1.1)

N
c




ERIC

Aruitoxt provided by Eic:

o

st

Feen ‘ ’

dpeg

W




2.6 -
X
— 22 .
20[° )
1.8l I
1.6] R IR ) ]
a“; Vs
1.2| B ]
1.0/ I
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195 s

pa

¥, = (1.1)77

l B ‘Plot these points - Draw i
21 |
.33 -congecutive points as in Exercige 8,
gé " ' These linesényglcpe the graph of
T

*

the 1ines cantaining pairs of A

"

R e

» in the next 'sé!sslan_'
S

oV X oUW F wn ]S
-
0
N

X

SRRV
L]
N

L, v x 2.6 . This 1s a falr

—
" "H<
[

M HOW®I AW F W N R O

91 approximation td 'éwaé,j' .

“x
M Yo
.

i a",.f -
<

Ak
Pages 260-261

U1 (v 1/3)3 = (4/3)% = Ghser m .37

oL (1}1+ 31,7’4)4 = (5/4)4 _’; 625/256 82, 44
(1 +1/5)5. = (6/5)5 = (1.2)%w 2.49
(1 + 1/5)553 (1,:167)-3 2.52, off b:,r abaut 0.2 from e.

2. For n=2: 1+1+1/2=2.,5

1

4.1 +.1/2 + 1/5s= 2. 667 _ , _

+.1 + 1/2 + 1/6 1/‘24 2. 657 —57 042 2.709

+:1/2 ; _1/6 +.1/24 + 1/120 g 709 + - .008
I = 2.717 '

e}
1
oo w
[ ' O
N .

)
[

' As e =2.718 the error = 0.001, approximately.

f e« x—i-ex “which will be discussed =

__From the graph obbained, when. .=




‘ igg manner,; - Vg;hére theBrd 1line ié c‘:bﬁained" fr—;@m; the. 2?3“*@11113
by dividiﬁg-the' Ené i‘iﬁe"‘ibj 2. 1In general, the (n + 1)th *
line is obtained from the nth line by clividing the nth ;Line
e« by n. Thus |

1
1
. . . .5
;' : «:v, - - §166T' .
S ' ' L0417 -
.0082 :

o | , 2.7166 & 2.717
3. a) e Px 2.460

}EiSS N2.340 + d -
8594234@,_ - |
3/5 = d/120°  (d - 18 in thousandths)
d=T2 |
. ITmed e - ';88 Ry - o A — ,7; »
' Hence, e'"" ®'2,340 + .072= 2.412
b) e85 .08y (2.340)(1.030)'% 2.410
Tﬁis'valuelfér_ e’ 88 o 2. 410 1s the better value as

1t was obtalned by using the 1c1ent1ty e%e b = ea"'b )

' In linear apprcximaticn it 12 assuméd that the graph
i - is apprcximated by a line segment in the 1nterval

B :und‘er canside;ﬁatian. As ‘xﬁt—e_x is.a ra‘pié;yinﬁ

. 4

2.

!éréaéing' function,’ i} 18 concave upwards so that liﬁeér

;ntezfp@latian wczm;d _yield a larger value. ='I‘hgs:




Value ='2.412 —

Exponent. and '
Correct value

-22410 F‘

(Use tables on page gSg )

S 4. va)e The. slope at (,1_,_.3.) of . x~weX is e m.2.72. %

~_ The slope at (3, e e eag 20 | |
b) The _,siépe of the -line cantaining (1, e) and (35 335 o

M

_e) In other. words, as the slope at x of xsx—e 1is 7
[ e, we sggk‘a'zéc§1uticﬁn to e* =.8.684. .

Using linear 'intefpclatimj;_,’ we get

‘ ) 2.50
'2.00 + d
—2:00

(d 41s in hundredths)

" Hence, x 8 2.13.




198 .

g -

Saluticns ta Exercises s?a’- ;‘ . o Lt -ngeﬁ 258—269

.‘1?1 We ‘use “the formula w(x) '5%(Q)2‘xyT . Then —g{%%-=- ‘37@ .-
: S : 7T A .
‘7sa2 385 2 =3 -safthat;after. 7i7 days

‘we wguld expect ;/4 6f*thé Saﬁple tc:remaiﬁ . Note that

we c@uld have Qbserved that after every '3.85° days we have"

| 1/2 left, ‘Hence, after» 2(3. 85) days we would expect § .
'_(1/2)(;/2) = 1/# lefty PR |

3:“vﬁe know W(x)
Seék_'Ti Hence

Hence, -4 = ,11,%”2” and T EET,_; B.OSTminuté?d

4. .Once again we use W(x) = W(O)E—E/T . We aPevgiveﬁ Eﬁat
Whéﬁ x =1, 73%3} :-%%13 Thefefére{f—%%i: 2 1/T“%2

L3

o)

T 27%/33 mi111grans

(i

w|

= & 33 years. Hence ‘W(t) =2 -

after t _years. o ’




]   %?:*?f”7
'.L 7.

W(B 36 . 104y 3 2 *’TV

@s . L ) ) . -J: IR S ' 44 'V . 3'36, 1707
SRR f"l‘héfefére,f 3% 1.333 20: 41 2 T

‘Hence A‘J;J-F = S
7 and” %%% . 10'458;15 lO}“.

=

SR E Zﬁx/’f
6 ey =2

-._.~€i o o = S ‘ ‘ '3:0@@ - ;
i(a ggm = 277' R 2

!
nd
-
0
j@]
|

I fon -
ST .’ﬁfa.‘él-*

|,_|\

*“ . g 21 _.‘ 2-85 ‘; E- ke " :

000 3,000

and E-'-T! ssl 85, ! —ég——gf-l 620 years

; W(0) =2 milligrams

W(B10) = 2 . @O/L020 Lo L pmD 220 o B

~1.4 milligfams
A

B ‘An alternate solution is the following. We have

L . o ° . _;. R L B
R LiETTEQaDQo/T -




~Ve seek W(BIO) = 22T |
O R S 810 SR
N S ¥.-3,000 ‘ﬁ?ﬁﬁﬁ‘ e
- T s (2-*ﬁf!f) T S
8 et

229 1. 4 approximately

Heénce, w(81®) =1, 4 milligrams approx.
- B ) . = v i - : | ) . :; ,-

Sélutlans ta Exercises 4= Tb _' ; f - “!;1 Page,é?f ;

.2, t =18,

[
e
I
g
W
ot
' .
=1
H
I—h
'1
I
Lad
o
=
I

1000(1 + ;ng)grlg

o
I

= 1@@@(1.015)36: ‘ - i" - 55;

™
i

log A = 3 + 35(.00647) = 3 + '23292 Fr-

= $l 799 70 ta nearest 10¢ _ ' ;\ : .

= om
|

= $1 71@ to nearest $l ‘,A-_ o -

= 1,000(1 + i®0?5)4 15;; 1 DDQ(l DQTE)TE

log 3+ 712(. 90325) =3 % ?34@@

= 1,7;%.@@ to neargst :1Q¢ v

== = B
' I

= $14714  to nearest $1.




3. A=vpert .\ -

D@,({oa)lg 1,000e"

ST a0

. ANl C)DQ(l 649)(; olrl) ~ A,
- A gs$1§717 ' If 5 place tables are used

| A-sa $;;_?16 correct to =n_earest $1

;Séétiaﬁ 48 It is frequéntly helpful in canveying the idea

of an inverse ta GDﬂSidE” functigns with a finite damaiﬂ . Thuég

- let . f~;;§—§y' be described-by the ﬁable .

“. & Ty |2[s5]3 Remgeor ti- (2,5, )

o which we may represent on a graph as dots. '

b




AP

L

~_f:f“LundDES what ‘i" ﬁﬁééfinﬁE {W57W""" :

 f and f l :with re3pect to the graph of y =X,

‘pafticulazﬁ‘y, fHéﬁcég_we solve =y;gé%a?§—

T

1 sends 2 fight back tc zi.' HEncé, the domaiﬂ of f

ié’the;range-@f %I {2 5, 3], and the range Df £7 -1 'is!

—VH.

-

ftﬁ%*damainﬁcquf We may write the table fgr f "as S

'j

ox 2 ‘ 5 | 3 ,
MR E 4 IR

xlpicﬁured on the abcve graph as circles. thé{?hegsymmetry of

w7

When the expressicn -on the right side Df the- arrcw:is.

simple, £ 1 may be easily cbtainea from f, Thus, Ry

1 X + 2

R Kb -3x ;iéj ‘then f:” : T’*“T?". £ ccrreﬂpands to the

instructions. ' mulﬁipiy by 3 and then subtract 2." To "undo"

this and obtain f "1 e add 2 then div1de by 3. This is

x4+ 1

:no 1onger works ;f R T

Hﬂh

+ L el
-l when we seek

N ili--'

we write f : xfapy-'whére y =2

oY » - i o .
£7% we vAnt to .Fiiid the value of x that is assdciated with a
x + 1 '
x -2

FESyT o Ve then deuallywmite (U INTRSTT

&

n__n

x iﬂ place of 'y

Ue cauld chéck this result quickly

value for xg’ gay- X = 0, and seeing

o

for x, obtaining |

all well and gcod for simpie funetions. 'Howevaggéthis appfﬁéch‘



o . - 2 - s R e e SAEUE S e

what I does. ;T@gs,_'f-sioraeg;ifé;zg% or’ f(o) 1/??

Elrjshould éend-'i/?lgback EQf'Qf TLet us see if it dges

f

fﬁ O and it dges In general

1(f<x>) - :q“l( §;>

;2(.:6+;L) . (x+2)'

—+ﬁ2—+ 1. ,,(;{ F 1) +- (}Z T ?)

C=x o

,Mareéﬁer{ (f o fél)(x) = f{ff;(xj)_= fG:__T_Ig

: T 1 Lo
o = a=ly oy N =X + 1 , - 1+ (-x + 1)
! or’ (£ o £77)(x) INgTT—— =FF7 é(ﬁx T
. ) —i%jjra . X ;

"In general, if f : X—=y

i

£(x), then solve ‘the equati@n
Vy;;zf(x)'.fcf x 4n terms of y. This enables us to readily

" assoclate with a givém v 1ts X= partner aﬁd thus revea;s the

9 £ ° :
!1 . [

inverse, £ Of cgurse,:if ra dces ﬂDt<FEVE an inverse,

. L : § .
-’the expreaéi@ﬂ Dbtained.far x 1n terms §$§ y Will reveal this

\
The campasiticn af two functicns may be caﬂsidered asﬂ

4

; fallowing in guGCES i@n two sets of instructlans . Thus, if

e PR
gl o

| 'f : 5-—*3x and B x—eXx E‘E - . Lo
then * (g o f) instructu us to. multiplya x by 3 'aﬂd then -

subtract 2. We could then write (g o f) : x—=3x - 2. 'In

o 1

LY
ot
H




- }:; ' ;m-: o S 1‘ - 204

£ : \ .

mcre complex cases it is coﬂvenient ta Write (g @ f) (x) = g(f(x }
Iﬂ this illustraticn g(f(x}) ig(ax) = ax - 2. ' ;

In the ccmpcsitlan gf functians it is mast essential to -

cbserve the carrect order Thus; we found 1n our 111ustratigh

vthat (g o f)* x-—*Bx + 2 H@weveri
(fo g)ly) = f(g(x)) Sax T2) <3k - 6

S0, thaﬁ (f o ”) x=ﬁi3x - 6. Hence, 1n gEﬁeral, f 0. g % g o f.

Dﬂe might ask tne questi@n, when d@es f o =g o0 f,in ﬁhe o : S

simple case whefe ' (x) _and g(x) are linear? You. will find B
lﬁ this case that the 11né graphs of f ~apd -g have s1cpes

both 1 or they iﬂtersect on: the 1ine y = xi _ ’ 7

" 'We may viSQalize the camp@siti@n cf twc functions, 'f and g .

as fallaws

Whéfe the vert;cal 1ines represent number 1ines; and the dashed
‘ arfaws the: gampgsite funetian (g o f) i "
Ref'.: _Appendicss_GEEE Cng1331an ?eportj‘f;,;,:Pages_S ar
" R . i‘ A :‘ A0 . - = "-' “ S x ',




d) xﬁx*g‘g"ﬁ | Y

) C A ) [ - i . - . a . ] ’ .-
One may, do (d) as follows:
LhiSet y = £+ 8 and solve for x in termsiof y, ©
o 4 C : - - Cw : L .

-~

Alternatively we n{agwriﬁé{?‘éﬁé&essivél& T . ;
: , - ) St : A‘ :

LR .
S _ ] . 2

(reg,,ac;ﬂg xx. by x)

(replacing x by %)

(réplacinggxﬁ by }:— 8). 4

a) X =y &7y compared with

.
L -
Py

o ,L%_E compared with x—s

(o
"
I

comparéd with x—n—% : .

iy
Mg
» -
H
e e

et
»
i

B v Vs B ' R
- N : ' A
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'as M Exerc‘:ise, 3( :

 £;§umbér?§ith~téﬁ5'digit

i
% .

X dnd units digit y.

lE)O

Ti‘l : X—=X.

Supp@se ‘the’ digits are 'x "and y, and we plck x.

(4(5x + 6) +9)

Then, . 1




Set

Y

is found as'follows: - .

‘%; 2 and solve for - x 1in terms of y

L e i
e
L]

1 Lo

. B
.t
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If F=¢7Y, then fo fimkx =

- ax + 1y , 4. ' ' .
@ Oxp) 1 aPxrasex - & 'x . 1dentically:

E(é%i)a;;  2ax + 2 - 2x 4 1 .

- . In particular this holds when x = o, 1n which case

a-1=o0 or a=1 o .
. , 7:?‘ . i
A X + 1

£ x— =

X+ 1+ 2x=1 e

2
p X+t 1 9 2x4+ 2 - (2x-1) 0l

Chéék; (f o f) (E)“

so that (f o f) : x—=x
7. a) Suppose that f were not 1 - 1. ‘Then there could be
2 distinct §'s, x, < X, sueh that f(xl) = f(x?)g
contradicting the hypothesis that f 1s strictiy
increasing. Hence f is 1 - 1 and therefore has an

inverse ty Theorem 4-4,
- ,,.,iq"':,"?afv_:é 3

: _7‘..:-{,5 )
is Striatly”iécreasing ;f, whenever x

g
y

1 < X, are in
the ﬂ@ﬁéiﬁééfgg%, f(xl) §}f(x?)

c)' A decreasinc

function 1s 1 -~ 1. (The argument is

a
]

similar to that piven in a.) Hence, it has an inverse,
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Tﬁ'tﬁis easeg, f 15 1'_71 aﬂﬂ has‘ag inverse Suppose

gf WEPE ﬂét 1 ="1 Then there‘wculjgge twe x's,',l %'x?'

in- the dcmain ?f- f for whlch f(x ) = f(xg) But |
'thegiwe wguld navé'a line parallel to.the Xﬁaxis.groésiﬁg
7_;tﬁe g§a§h’§fJ fﬁ'at .E distant points (ﬁlg f(x,)) and
'(EE; f(ﬁl))i’ Thig ggﬂtradlgts the hypathesis on f. Hence
f 1s 1 -1 and has an inverse.
7The hardest part of this problem 13 to kEEp track of the
variaus domains. | |
a) We are given; | o
(1) (gf)(xj = x ’fér each x 1n the domain of . f;a‘
(2) (fh)(y) = ¥ fcf}éach ¥  %grthe domain of hi‘
o oxr (fh)(y) = £(h(y)) exists, n(y) Tmust be in the
domain of f Hence (?) implies that, for eaéhfy
in tﬁe domain of h, h(y) 1% in the domain of
and can therefore replace x in (1). We then

have, for each y in the domain of h:

(gf)(h(y)_) = h(y) by (1) ",
(8£) (h(y)) = g(£(n(y))) = s((rh)(y)) = a(y) -t

(?), and therefore a(y)=h(y), on the dbmain of
h, by substitution,
b) Just interchange g and a in (a),

¢) If f and h are inverses, we must have

(3) (fh)(x) = x for each x 1in the domain ef* h, anAd
(«) (hf)(x) = x for each x 1in the dAomain of r,

. Also, 1 o and 2 are 1nverses, we have

(7)) (ro)(x) = x

P
&
]

' each x  1In the 4domain oi' ¢, anA

/TN
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(6) (ef)(x) = x for each x in the domain of f.
From  (3) and: (6), wusing (a), we have
g(x) = h(x) for each x 4in the domain of h,

and from (4) and (5), using (0), n(x) = g(x) -

for each x 1in the domadin of g. Hence g and
h agree on both domains and must be the same |

funetion.

Section 4-9. Logarithms

If- f 18 defined by f : x—= 2% we have, 1n particular,

3

¢ f : 3—=2° or f: 3-—8. Thus, under f, 3 1s associated with

1 -1

8. Under f™~ then. 8 1is associated with 3, or f ~ : 8—3,

-1

- In general, f o = x. This form 1s nelther convenient nor in @

c@nformity with our way Bwafiting a function. We prefér to write
. f,; P X—=y and‘régresean y in some manner in'tirms of x,.

Wé get,aréﬁnd this by using a new symﬁcl; log,, fore:fgl S0

that we may QOW‘write‘ i x§;rlaggii Thus 1@328 =3 18 ﬁ

simply another way of wriﬁing 23 - 8. Students usually find

it easy to understand by thinking of a relaiién, exiéting

am@ﬁg 2, 3, and 8,' és being!expressed by two equivalent forms,

logarithmic and expanential. In general, the two equivalent

forms are

(1) 1logarithmic - log, N = E
- A (2) 'exponential " - BE = N ' v
both expressing the very same relation among.B, E, and N. - As an

,, 11lustration, consider the problem of finding log, 64, If we

LU . R A

¥




. y P11 . !
set 1@54 64 = X and use the equivaient expoqéntial form,
4x = 64, we are on home grcund and easily abtaiﬂ‘ X

= 3.
Solutions to Exercises 4-9,

Pages 292-293,
1. 32 =27 = 4% o p?

X =2.,5

"hénce 2x
(a'é)m = a 2m

= 5 ‘apd

Pm=1+m and m.
X =

;l
3. 32 approx.

é'l@g? 8 = 3°
b) 1@;,;1%9 2.5 1.32

2

3. 2%,
T
4. a) log,?

hence

1< log, 2.5<?
c) 'lcg?‘x <o 0 <x <1

for
© 5. log (% .

chec¢ks with graph
. , (
EE) =log 1 =0
But 1log (x . 1)

log x + log (%);

therefore log x + log (%) =0 ‘or log (%) = -log x
Lc:;gf():zlo?‘(if %) =1logx, +log (2)
R R x§, ) _g 1 Xn
= log x) - log Xy, from (5), for x; > 0, Xo > 0
7 lecall f : X —=a”, hnence (1) = a, fﬁl(a) =1, or
lcga a =1,
8. a) 10Y - 3%
5 ) Qf = P5
- _ , - _ ’-7!-; qzi,
e q lagc d = b or 1Dgc 1 = 3 [or log a9 = bl
b : -
. q ; - o b q
hence ¢4 = 4  [or possibly co° = shl
< o L',:: - e = ) = .’;r i
¢. nglG g 15%10 %Q laﬂla 10 log, g 2
~ 1 - .3010 = (990 e \
S .
looyy(5) = -lorig2 - 3010 ¢ a\
. | . \
ﬁ) o
g .

ror)



212 ,
i
(lDQ)

log,o (53) = Logy0 = logj, 1@@ s legic 2

=2 -y 1@510 ox P - 4(.3010) =2 - 1.92040
= .7960

]
|

.lm%o(%?)

. 3 8 .
i.z;laglg - -

ﬂ._ﬂ\

‘=~ 8(.3010)
1.4080

1

= 2.4080 - 1

[

10. a) iégg 5.5 & 2,46

b) log, (%) =niagg;3 aA1@;f

i
MY
g
[}
=
2
s
av]
W
|
v
]
-
Rl
0
W
I

=415 o o ;

Solutions to Exercisgé‘jgég Pages 299-301.
1. a) If 2P =26 then log, 26 = b

) If log, x =5 then x = 25 = 3p
d) log, (8 X 18) = 1Qg? +, 1ag216 =3+ 4 =7

210
b) log

oz . 1000 = 3 : .

o
o
=

01 .001 = x, hence .01 = .001 or 1077 % - 10

or =-2x =-3 and x = 1.5

c) log, (g%JAE -logy 81 = -log, 3" = -4

fl
W
o
-t

1) log;, 32 = log, 2° = 5 log, 2 = 5(!;)

’ "logy 5. - 1§Ef 5 1@3— x
3. 04) 4 AT g e, 7%

r

or 5+ 5 =x and x = 10

ij -
L) 1071@(;{ - 1) = 2 1OF10(}\ = 1) = 752 3}

e | 16




e) 7 % e 5, hence x = 7
N ) /. log. e log. e
o({n ;o)(;gglo e) _ !eln Loy £10¢ _ 10 0B10° _

- Hence {n(10

"Hence (laglg 2)(1 - logys ?) = .210. Let y

e
Lo
s}
]
o
L
X M‘
]
=
O
o
T

&

|
m

198 e -
10 ) /n e

or (1@510 e)(¢n 10) =

o
-
~
w
o]
‘U‘
my
>
il
et
L
»
'
le]

e) Irx % zé,;{}@,x;éi

S B S
and (XE)?X 2'(?K)§X

%
I
.

e
‘ “‘W\ﬂ =t

o4
X =92, x =4 See Misc. Ex.\Pf 310 # 36

0y .o
(55). = log,4 10 - log)y 2 = 1 - log), 2.

1

logyg 5 = 15%1@

logy g

N ]

"Then y(1 - y) = .210

(y - .70y - .3)

[
o

Yy = .7,y =.3



21l

s Hence ﬂ = .3 -

or

1ogy D= ,3 (appr;iﬁ)

7. If f: x—e1% f(é}%i?fﬁaykfanﬂ f has no inverse. The
log,

is thE-inVéfSé_Gf the.expOﬂent131; x;sﬁax_
8. logqy x = x has ;7 solution. An easy way to see this is

to graph-y = x, = 1og,ox. The graphs do not intersect.

(See Figure Aggag) Als@; if log % = x L

v a R R _
_ then - 1@510 X =

-
e

=

or nglOX" = 1'

% [4=

or X7 = D_
LA and thérg is no real x satisfying this

N : B equation.

m

10 {A%' S 2, x =

{1, e?)

.6 yrs. Q%'lSSyrs,

_ .30103 . . .301. 301
T00325 °F X ® “Hy3 T 13




=
‘IF'I‘

.0025x = .0175

. 215

N é-N(l *iﬁ“f)
(1 + 6625;:)

ngm(l + .0025x) = - ~ 30103&. 007525 \

1+ .QDE5;E = ,,,_01'?5

X = 7 percent

12. 1In particular, the chapter, "The Next Generators of Compu-

ters", makes a nice project f\@fa student to report on.
. ( | | :

|

'

/

|

b4
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Miscellaneous Exercises

=
o

M
2
\M
T
Y

‘or n=4{n 2.= k. | -

b) Ratio = e Hence percentage increase

= 100 (e-1) = 172 percent :

2. £(0) =ca® =c =2

F

f(lfj) = 351’5 .

i}
[
o
W
|
i
o
—

=

i

3

]

W

i ,
S
™
MY
It

MY

‘J

W

[}

W

3
I




jo
~—
”
fl
~3

2 = X

10. a)dni3-dns+2 (dnsa+in 2) - ({n 3+ 2{¢n EL

={n 5 2 ' .

, , 3 1
Alternately, Zn(: * 100 ° T \

=

) 2

b) lﬂ(:{g . l . 3 -
‘ ' 75 - vy~ -+ L
X

y

5 a) 128 = g87/3 . f R¥esS
, 1 ' )
b)) (uocgy = 10
c) (Sf =9
d) (3/27)3 = 2/3
e) ((ii),l)-g = 0.01




iy

L]
[anel
e
n
w
A
L]
|
/
n
W

¥
=
o
3w

ro
s Lt
o

S =X - ] . . . Soe i
e 1b, The zraphs of x—ea and x—ea® are symmetric with'

. .‘L. N i

respect to the y - axls. ’ o W

-
(T
u

) x—e -2~ and K2 - are symmetric wlth respect to

%3
ju g
g}

: ori~in,
S | B
0) x—=2 " and x-—2"7 ,are ldentical.

L s

1o, a) (£2)(2) = r(s(2)) ;

1l
WL

1

f(B?) = £(9)

Tt

I
o d
!
2

w

0
L

I
o)
Abr{_
o
=

I
RS
———

3N
L
Moy




18, Us
: Vel

.20,

"1,

1
[N

‘Ra

n-

te

(%)

[r(x

10

$77.

O‘.EEE

.90 = $ 78

. %(£) :;(ng-

) e .
R IO 1

= {17+/%/100) ;1‘? ?

= 10

o

Answer:

"

[y

i

e

7 .2 E.si :

$128
lu/l@@

ért/lQO

100-(1 "+ %/100)10.

100(0. 779)

f "

.9!

1CJC) (1 Q'?g

is about 7 Peraent

12x 1@

o}

[KN]

%I

'i)

_,,,;, B

.Q DEPLEﬁp’” T ﬁefgent

~ 100 (l 284)

128,

Lf(K) - g(x)] '
-a’uu : ;;{  {ff 

4

3 -

s



Eégl-yr_ﬁs 23 yr. b _ %- e i'll.'::??’"

11.55°r. 12y, |

09,3 yr; , _ i s
~23, sSince S gt e oot S e

= (logg c) (log, a)

Pl
I

o
I
I
\
\

i

P
I
=
O
4
i
i
e
fw
a
b
"
"
W
1

Since x > o, solutlon

':'s,)

¥

o
[
oo

. o
F

byl

il
-
p‘
lad
L
-
b
Ch
P
o
i

5
i
O
i
i
ot
VIR
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Py

H
I
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Aruitoxt provided by Eic:



e

Q ) ,n-' .

To26. (e) lcgg(éx + 5)x = 1052 oo xy0

1

. L
5 L] &

i
s

' - Hence

| 28, . means: ©

s x+EL

Sy ﬁég@scluticn 1s x = —2

52, Zn (x- 4) aﬂd
3x l

e tEut fci'x

Tﬁe intersection oceyrs at (1/E;w @fi)iu

“.b) See g,,fh B A

T
2. a3

&

e

1-3 3 .
Hence, ,g‘.ar_ 5=J./3 l/S P
“the values of 277" are- l/E “the values of

X on the iﬁterval - 1. i: < 1.

LE»,? -: | 7", K = | . = |
. ' S‘ - S . i% L .' d—(

A - I P
o Ca S 5




o
These segmenfs

ko

are supposed to -
draw . attention to
hihe fact fhuf when-
'x for 2%is dlwded

by 3, the ¢ errespond—
o mg grqute ls hulved

, -
i
__ ¥ ——
L
k) gz‘ ' s
g . S B
g | L ﬂa
| e —
. *
5 . e . :
. N L
& '
. L3 ) -
* e
, .
e ® w
‘% b ) x
= LY




w

+ one to one

! 'To find the range in (a)
A& : N
tha;ning‘rzx =y
f"g, . V . : . ot

', Iniany case y > o.
L Lcase

8ince 2%
. N N * %‘,. #
" Hence y :’3 2 e ! i _ 1-# 33 Lo &

)

oy
L, _ ¥

*

&

_mgst-ﬁé re§1? §E

+ A similar discussion may be made for (g)-v'j 



- 2ok




81, The step frnm line 3 ‘to line 4 1s failacieus

’ singe either lag (aeb) cr 1@5 (b-a) is meaningless”'

because either a - b {c er b --a } o. | '=§

.

7 - 2. —Tl’le _rate of change c;f_" g— ' 1* ' at{ x. % r i

The rate of change of 4x + 3 13 s at R

/kg sqﬁg‘;é o o

). xR ;1—‘:}1;4433.29;53 T e
‘Hence x - 2w 0.53 | .

X~ 2.53 .
~ oy i et s
i ) % . .




- 906

- \ : =

Line parallel to
graph of
?:4%4—3 o

—and tangent to—————

Y - 2”’5’ at #=253
S Ea— T T ’ .
2.53

N

60
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i

H

g

[l

1
and a = 3-2- 4
3

and -a = 4~

' ln(x + 'y)-“=_,Zn_ ;q;

1

must be an integer,

:1ast value must be

‘sgnce ld \q,g,-'t’(iéés- niot

ERI

Aruitoxt provided by Eic:




o S L e29 - |
36, Ve tske d>a. - (.
o HAﬁ}obvigué saiﬁtion is é % 2, b_=;4 Eigéa_’

| -f;& ; 42 s;16 o B

- ;\f T

'It is ngt hard ta shaw that there can be na 1ntegral

saluticn Qf L : : . ‘

LY

" unless both -a and b are positive. ‘ . 3
L . . : . ) ¢ . ' ) ' ’ ’ g ;‘E
. . : B T o o i B . i “ 73“:

o ~. - Taklng logarithms to the: base e : i' e

b ln é =

i e

On the graph c:f y - l n x we are s eeking two pcints with

the,samE“*y and wifﬁ X an integer in eaqh case
The graph Df y. = l?xx fises from - ﬂ at X :,1 to
a maximum far;rgv somewhat' less than 3 (actually at -

'9ﬁﬁx = &) and then decregses . If there are. ta b$ twg pcints

xfan .the same 1eve1 one mist be to the 1eft of x = 3#, or _,;%%1

N

--'the pgssible 1ntggfal values" x = l ﬂgy be excludedjg,gi*
immédiately 1eaving only x = 2 !xfggiaxpassible_ ag?fﬂéT
kngw of course that this works. "1;;f“”;" o

;ZnE Zn#_,;,
Indégd, 5 =3 R




Iliustrative Test Qggstigns -
Spemate 8

;‘112' If in a haeterial experlment there were 5@ QDD bacteria

p at 912 nacn and 73,205 at 3§5P m.w7§§”§§easamgiggggw5:mﬂﬁmwg,;
\ hgw many bacteria were. ther& at " - | :"_

"If the number cf hacteria at?timé & s given by the

-
FA%

find

=equatian st 500 000 (8)o Et ’

(a)n the number present when t %f%j’

(b) $hevnu¢£er preéent when t =

.1-.

Ty

Using Table 4& Tf";

; = ¥
(e) (o, 125)?5f55 o "
6. Usiﬂg Table 4-2, compute »

'fﬁ, (a) (1.1)24

) (0.8n®s
() (0.66)™:2° «

61




“of f. Find

A

oo 231

T e Lo e i ,‘ -

'Given the functian f_:-x-—ﬁa v and the pg*nts
=fA(a 1), B(l 3), c(a,a

| gi;ﬁ

I ?, o

i and D(a+l, 3a+l) on. the graph 3=f;l

 éiveﬁ the function of f : zéﬁéexi;!find 7:;?‘

:lf;Ai(ajﬂxthe slape af AB
'(b),zthe s;ape of GDx: ; _ |
(e) ‘the value of a - for whigﬁ the é1DpE;GfA
- GD - grw“-tmxe,!slt;i; s;apei'af AB. '

£

',f(é)v.ﬁhe slope. of o at'gi”égépf-e

- (v) the slopeor £ .at x =1 |
,17 1iﬁe thrgugh;a(o 1) and (&-

:"5.an apprcximatiﬁni»»+

the tangent to- the graph of f : Ei%fs (%)i-at thg,peinta

10.

11.

at the .8ame rate of interest?

2a T

(0,3) agd' (4,48). ':%_ A _
Using Table 4-6a, compute - = . o
(a) 032 IR o
!(b) the slape of the curve x-—gex* t (6'3;30‘3)*

QF) the Slopé of the secant through (D 3, eQ 3)

0. 32) ) . - ) &

and’ (O 32,e

:(a)' The, half- 11fe of a radioactive substance 1s 4 days

What fractioﬂ cf a sample of this substance has

f‘deccmposed after 8 days? ST . iﬁ

o

(b) 1Irf Tg of a radicactive subg ce has decgmpgsed :

~after 3 days, what is its half=life? =

. If $200 amounts to §326 in 7° years at 7 percent.

\»ga-"

campcunded ménthly; what will. 32@0 amount to in 14 years

. . o » X Ty,



R S

f;; 13. . Given £, x-—sE; and
| (a) (fes) =

.‘-1;;- In the figuré at the

varc A is the grap% ofa

';:éut the lineb ysx ,ih y;”g;f
whét fUnctiQn is B the i
graph of? - o .1 L a

5 15 jExpﬁess each aﬂ the fcllewlng in éxPQHEﬁtial form:

A

(a) log, 15 = 4,
(b) 1@5 x?+ 1cg y =2 .-

PiS.” Find x 1n each of the fcll@wing.

o (a) log, JZ. Vq;f=x!,

) (b)  logy, ~ﬂ§ﬂa g ;.
. (c) 105 (BX ) &
2517; Given Zn a = 3 and {n b = 5 s ccmpute‘
(a) {n af‘-’b | (d) !n adnd
N n"; 8y o) i o
. _. (b) _! Sbg) {,:(;g,fg%A
.  (e) (Zﬂ;a)(lrzb):

oo

;';

v

. e

-



A P

9 L.

' 18 Given the fﬁhctians o f ,F ift§g§A éﬂd?i;.
o A find e e
e Aa)s (om)t3).c.
: _.(b) ,ﬂ(gaf)(s) o
o '."""-‘g‘(c> (1o 51)(3) RS

'—19.’ Sclve fcr x :g_' S : .
ey W (k-4) + fcgg,(ma) 1
| (b) 1@315(2x+3) + 13515(x+l) = ; S
'aéaf Solve fer x oy

EEXfE + 2x+2 _ 3.

A




- A F - . - .
Coa e ’?/ L -
. Y A - il 1
FOORT LT R

,?-.h - | Teat ggestigns”

Gha_ :i:er 4_ |

= ,;66?2
E‘I 1. 4641 |
B(Iﬁ c 55

. Eg“ 0. @69
- N ﬁé@ 000" 2

50 000: 2° 059 5

;.(g;

.3_"
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() ¥ ,48 26 (o) 43° L4908

' The expreséicms giverz increase in thé Qfder (d) (e), (c),

3. (a)’ 1. 85:%‘2(1 803) N 3,60

(b) 2-2.70° g 30 L 531 A as
b o m~ 1.231..0.154

b (29 (0. 125) 5 55 (1/8)‘5 55 (2-3)§5 55 _ 16a65
Fome :
i T . " (65, 536) (1.569)

~ 103,000~
6. (a) (111)F o (2:15)2:% L 536 (3. 275)(1.00695) w 1.28

Av) (0.87)%5 = ~ (1.157)735 » (20:20)73:5

5~ (20-61)%.5 _ 2.75

or = (Z,Li53)l} 5
T R (2.682) (4)  6.73
3-1 _ 5 (p) 3232 _ 3%(3:1) _ ,.qa
7. (a) ym=2. (b)) g =Sigmal =203
(¢) 2:3*=9.2, 3%=-29, a=2
8. (a) k=0.7 (b) k-2'=m 1.4 (¢) 21 =1
9. £ x—=3k(2)*. (a) (0) = 3k= ﬁg 1, (b) £ (4) = 48k
. ™ 33,6 ¢
10.  (a) e'32=~ (1.350)(1.020) ~ 1.377 |
f () £ i x—we f(Q3)=eOB"“135C)
:- o) *L1.377 - 1.350 _ 0.027 _ 1 = .
. (e) 0.32 = 0.30 0.0 1,35 | |
6';’) ( _ v




t : ] L ... 236

: Y & 1.2 -Bfi.asf :
. (a) 1 BE=E

LI N
. . . .. ¥

| N Ny S Y
(b) 1.- %g ?*2§3/T ; E'“'%QETB/@{Q -4 = ﬁ% 3 T ;'% days.

¥ SR

2. 306 =200 (1 + f)™ —55 =1 1%56) P
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. ] Tgé real roots arekr x=0 -and x= V'3 , and only /3

e f‘its‘in the original equation.

(a) Zﬁab E‘lna+lnb=;ii

“ e % (b) {n(® /'b ) - /na < 2 lnb 7 ,ﬁ_:
ST ) mas s \

Rl
e

i
=
Ul

L]

L v (d) Znaznb = flnb)(!na) . '

{na 3 ' T2

| . (é) . Inb = 5 . . .
yy.

%" 18. "If loggx =y , then x = 2%, 5 and logyx = 2y.
T d g , . ) .
| Al Henc : ’ 1
.~ naence 1‘35@ = l; {logyx , and g 1is alscs x—=5 log,X

B

&

1

&
w ».3 >

oy e (8 (foeXd = £(e(3) =

rwl\l—I m

£

* ” . : 4 l;. . , e = ﬁijg

® L A 2 x .
& T %f y=2", x ;iloggy » and we have . ;
. i%;;’: . ' ? i ) i

& . ' g1

3y 1 3 53‘
g(a )_E-g- laggz =5

o
3t

#

! x—+log, (k) .
5 P Sj.milarly§ if ¥y J%{Tl@ggxg X = Egy ,ﬁ‘ant‘j we have

. A ' A ' -

B A S 5 e 5

R 5 '5 * :E tL ?g;:? i f 2

() (7 o™ cz) 2 rhe0) s gogid =@ c
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L
£ ]
#

o | ; IR T
.‘:- ) A . . & -t B




- | 238
'19.t;(a). iégé(x+%) + iagé(x+3) = 1@gé(x+4)(x+é) =1

T (e (xed) = 6 = 6
a o __ :
xg+ 7x +12 = 6

b 3 _

. B %2 +T7x +6 = 0

i
Q

(x+6) (x+1)
x ’2-6;—1

: Eutiﬁéither of the original logs 1is defined if x = -6 .

so we have only x = -1 ., -

;(b)"lggléi(2x+3)(x+l) =1

)

2;2+5x+3 = 15T = 15

2xP45x-12 = 0

N

(2x-3) (x+4) = 0

B

v We reject the -4 , as above.
20. 22}5*‘?;.%;%; '?Z%-Q{»_‘f 3
Divide by 4 = 2° : ¥ « i
P !

2% 4+ 2% =7

Set y = ¥ ;
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“. Chapter 5 | i

CIRCULAR FUNCTIONS

intfq@ggtién,, o,

As mentioned in the intr@ductiaﬂ~ta this . ccmmentary, our

. treatment Qf cifcular functians assumes that the student haa al-
" ready completed a short unit of trigcn@métry We assume that

the rtudent is famiiiar with‘the angle funetiéns’and tﬁéi? inters

relationships; the simpier identities and equatians, the tr ig&

nometry af triangles, the elementary facts about complex numbers;

i

and the use:of tables. We cover some of these topics again but
s0 briefly that we - canngz reasonably: expect a‘gtudent to master)
the materiallsciely from this treatment. ‘ |

- The oﬁjéctive of this ghapter 1s not to study the subject
of tfiganaﬁetfy in all éetail Rather 1t-1s an attempt to give

the student who has juﬁt Etudied poiynamial exXxponential and

lagari@hmic functions some familiarity with a completely new

kind of function, one which 1s periodic. IE th pﬁogess, some

"of the ldeas involved in elementary trigonometmy will become

more meaningful, through viéwing them in a new light,

' the chaptér,gg

Se:gtiprljfi? _Circular Moti

B

The emphasis throughou E ls on the perigdic pf@perties of

“the cifcular functions,fiﬂe f‘thé‘%ine and, cos lne. In beginning

, , B . ,
should émphasize that we shall taik here about

functions @Q@ h differ from those we have previously studied in

that they havé the pr0perty of periadicity

#
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7 One good way t@"visualige a perlodic function is iﬁ,terms
o% the machlne developed in Section 1-13., If the functien de-
ipicted by the machine is periodic, then when x; X + a,

X + 2a, «++y X + na, are dropped into the hopper we obtain the
same Qutput (f(x)) in each case. 1In the next section we speak
qulayiﬁg rectangles eontainiqg!éne céépléte period of the
‘:unctiéﬁ end to end aéd you may wish to use the idea here in \
order to 1llustrate fﬁrthér the meaning of periodicity.

“ The use @f the us vfgand X, ¥ planes which we gmplay

may be a source of difficulty a? first. We wish to talk about
; /

. the unit circle with which we define sin andi cos, but later we
shall need to display the gfaﬁ%s of y = sin(x‘ gnd ¥y = cos x
on an x, y plane. Since we are using x -for arc length (to
obtain the fa‘miii%sin x and cos x) it w;n,.{ld be easy to teach
the student to visualizé“ﬁx as both the horizontal axls on the
plane of the unit circle and at the same time as a length of
circular arc. We feel that if care 1s exercized at th% time the
tranﬁition 1s made in Section 5-2, the use Qf u and v 1s more

gatisfgctcfy than trylng to get x to wear two hats in this

L
gection.

A more exact way ofr defining sin x .and cos x 1s by a
5_3_"‘ ‘}. - ) —‘~"x ) I .
composition of two functions, one from the set, of real numbers
.to the setagflgeoméﬁric éoints on the-unit circle and the other
‘ A A , :

from the sgt of points en the circle to the set of Teal numbers.

Thus, 1f. x ¢ R and 1f p 41s a point on the unit circle, we
R - 7 . {;‘ 7 . B [ = B B
have a function ', : é ;

% . . ~ h N < y g
' " 3 X—ap , -



& oy
and angther function ' | é ? o |
N i | g : p—ycos X
from which . I R
- : 1_if}!?>ff1?f C ;-fv?,gii’xa;acos x

?and'éimilarly%far the?siﬁef We feel h@wever, that the way in

,which we have handlad it iﬁ the text; while pcssibly less rigor=

; cus, is certainly easier tc teach apd istpggigct%gﬂadequate fcr'
our: purpcses ' il ; f,' ° s B ’if fvﬁ'f }._, , X ;A,

A The fact that casine and sine are ﬁeéi functi@ns shaul& be

emphas;zed. Zou might p@int éut tc the student thattn@where 1n

!
thls secticn have we used an angle and althaugh we ha@% used

%

the CDEQépt @f arc lehgth Sine amd CD$ih% are completely diﬁ:iif-

VDFCEd frcm any gecmetric considefatioﬁg They are fuﬂctiaﬁs Qﬁ

i

the set Qf real numbers in the same sensé asﬁpclyﬂomiaLs,lsay,fld:*

ri

the students ‘feel that A ﬁ%ss

think @f A 'as being the dq

'require more lnsight fhan th§ chers,g

z‘asﬁ%gngé §a hamewgrk 1t sh@ufd be csvéréd 1n class, since thig; .

) B

g T
J %aﬁiongﬁip is used 1n 5ection o 4 %ﬁf

Ea
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3}‘ .
Kﬂawers to Exercises 5-1

1. The ratation Df ‘the earth abauﬁ as

alacg; the Qeriéd,iéfusually,'a

The @Séillatian of a piston i

_tegm engine or internal
Fooam elging ¢
ﬁS’Qan speed of engine.

e

combustion engine., Period depk

The alternatian of A C. eleé;;;; currgnt E§TV§Q cycle

o

i.\vv: A
i i
E‘;itﬁ -
. 1 + . v
03 .
- (e 3
w )
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sin (2x +-2ﬁ? from. periodicity of sin,

11

*6, - a) sin 2x

= 8in 2(x +.7) 'and the period is .

b) ,sin;%x sin(%% + 2#) ' .

sin %(x + Y4r) and the period is i,

. W

c) cos 4x = cos (¥ + 2m) - : e

= cos 4(x +'g‘)' and_the period is % .

1

d) cos =x = QQS(%K + Ew)
| ?‘casié(x + 47) and the perilod is U, N

*&. a) f(x) = f(x+a), g(X) = g(x + a). Given.
| £(x)

&‘+ &x) = + g(x + a). Ey definitién-A

g(x) = £(x +,%) g(x + a). Addition Axiom.

+

Jof + g 1s periodiec with period a. By definition.

< b) f£(x) - g(x) = f(xz+ a) - g(x + a) Multiplication Axiom,

@ . gx;) 5*@:, éﬂx + a) ~ Definition.

LI g is geriédic with period a. Definition

&
*8. f(x) = £f(x + a) ~ Given. o N /

g(x) . If g 1s defined at  x.

&(x)
g(f(x)) = g(f(x + a)) Subétltqtidh.

@ o £Xx) =(g o f)Xx + a) By definition of g o f.

.8 0 f 1is periodic with period a. S iB
» Sqf'

*9, By definition. cos : x— u = cos x  i‘
" sin : x— v = sin X, where (u, v) is any

- polnt on the unit circle and x 1s arc length. If
X+ a< X + 2w, then

4

(cos (x + a), sin (x + a)) £ (cos x, sin x) = (u, v), éingéﬁg

" the coordinatés (u, v) are unigue.

A

~2
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5*2-, Graphs of Sine and Cosine

The rectangle device used here can be a very useful one in

teaching.the student to graph periodig functions. By establish-
ing the period and amplitude visually it directs his attention
) ' i

(t6~a specific area of tie plane with respect to b@gh fhE’d@main

and range of the function. ‘

4

We use the geometrilc argument to obtain specific values of
thé functions, because!it_is the simplest and most familiar
tool avallable to the student. Wé hope that yéﬁ will emphasize
the symmetric nature of the unit circle and that the student

will be encouraged to use symmetry considerations whenever
possible, ™ L B' N

é‘;g)

Exercises 5-2

The exercises develop some simple symmetric properties of -

sin,x and cos x, and lead the student into understanding the

effect of the constants in y = a sin(bx + c).

N o o

¥

S

/ fetees to Exere
1. a) f£(37)s
v) (1) -

c) f(ﬁ;)

a) £(30)

e) f£(-17Tm) = £(m) = - 1;

f) f(— lD'lT)

i
y
d
oy
i
1
rof
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c) x =
d) For all values of X.
See Graphs.

See Graphs.

i

. See Graphs.

I
Q
4
x
3
=
+
¥
3
b
o
ny
3
%J
+
=
3

a) The values of the ordinate are multiplied by k. .

b) The period of the graph is

c) The graphjis shifted to the

27

k

left by the amount x =k,

Pi and P, are symmetric

with respect to the origin.

P. = P(K) = (ugtv)j

- P(x - ) = é(x +.T)

lav)
[N
H

!

(- u, —?v).

A%
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9. b) “P) and Pq are symmetrlc with respect to the v- axis

. 'Ei = P(x) = (u; v)l.a

- . Ph' = P(— X = w) = P(- x4 7) = (- u, v). _§
Hence, c g fa o ccs(= -7 = - gos(> x + w), . .
and sin X = fin(— x'- 1) = sin(- x + ) IR
. B . " : A . V“ ; o -
. o é . . ? g : | Y - : , L : L
, - -5-3. Angle and Angle Measure ' s C Tl .
7 : '];his is probabl‘y Peview material for mo - t students at this ‘
, - level Farmulag (l) and (2) are the aﬁandard ?adlan degree re-
F
;atianships and the exerciaes are réutiﬁe drill in gaiﬁg frém
_ -
e one tc the Dther. The paragraph devcted tc the relatianship
between the angle and the area in its included sector wilL b%
£ : .
used later to evaluate the limit of Eé%=§? as’ x appr@aghes 0.
,A) ' ) . ' . =
Answers to Exercises 5-3
i, a) 120% d) 210° g) - 480°
5 b)) '30° e) 3605 . . . n) 6u8°
e) -120° £) 150° .7 lq) segfe s
3 8y - L oor
2. a) S5 dy = . ’ g) I .
? T ' N - f jﬁ A
1:'-:( 'g -
%?‘ b) - g E) I;?* Y ‘ﬁ-f f) sTgﬁ' f. . |
# 3T T -”- '
c) I £) - %é 1) 35 S
: 24 é L K = p oo ;
3. ﬂk: ET = —ii' 97,‘ = 8w ' ‘ o . 5 g
: - T 9/"4 _ o - B e # ;4,'! )
I R U . o {3/2)w - L 374y square Rits @ - e
: ’ E 2 ) i : - o %
% / . ot
e’ 4 .
3L . oy




5. &) Siﬁcé{-gég = 100 unit‘“ i%:g*%% "units, " o i’ L
1@0 units ;. 1 radian =*§32“ﬁﬁnitsg”?’ |

2 radlans, hence

A= Aiél units i e ;; ?}f_‘

';544§7 Unifcrm Cireular Motiopn: ' j;__ : : T S
g This unit should be taught with care; gince the matEfial.' 
iﬂcludei will be used in Sectlcn 5 3 In dealing withlsin;and
cog as time iunctlcns we use mt wherelxs is the angﬁlaf’ k
vel@aity, because thia ia‘tge form in which it appears in . L _;

-masﬁ gcientific applicatian .;,Sinae up to this paint we have ;

dealt with functigﬂs cannected w;th“am afc length ; you _ ’ ¢
s J : [

.ghau$d uQEﬂd a little time famlliarizing the atuée t with wt,
The device used in the text to vigualize the behaviar Df
a wave 1s only one of geveral which y@u may Wiah to tfy Most

L3
Qufrenﬁ}y available E%iganametry iexts have game such appr@ach

7

_to the pPobla

-

ticﬂzw;th ang

d~yau ahouid aupplemént the textual Explana—;'

meang you feel apprapfiate
‘f L]

We éh@sé ¢he acaugtical _example to build upon 1iﬂce thé

addition -of pressures is ;ntgitiveLy simple.

P

c = ; . . ’ @
Answers to Exercises-5-% . :

1. See Graph. - @ e o : S

%

S “The graph of p =3 cos st 4+ 4 osin we o is periodic, with

@érloﬁ«ég since Eérfégpﬂndlﬂb p@;nts Dh ‘the graph are

W ot

2, b, 6, ... , 2n L”+LS dpafﬁ whenumeagured,alang the t-axis,

(Periods of 3 cos wt~and i sin #t samé as period of p.)

- 4 :
e , : aL ;
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~twe reeeeﬁe Firet it ,heffgs'e'e different %Eene of deriving L

~theee reletienehlpe than that 'whIS# the e?ﬁﬁ%nt has pfevieuely

EJ

»eneQUﬁtered= Seeend 1t 1is an’ extremely e;éple end e£fie1ent

‘means ef obtaining theee relatienehipe. Ye do net inteﬁd thie

to be e thereugh treatment of veetere, and we eenfine eur*etten==;*~"
H -7

)tien to vectors ef l,egﬁh g 1 'since’ th;e;ie euf§ieien%efor of¥r

Cx

ipurpeee. | 1 o . g;' Y y

- Ve entielpe.te that ghe use ef‘;theg@opgrator ﬁotation o
R, (R, (U)f ete. A will have to HBe e%gleined veey eerefully since
it 1e gemething whiehfmeei e%tthe stjidents will never have en— 7
couhter®d befere# Yeu eheulé do a lot of bleckbeerd work here,,

(giving 2 veriety ef eimplg mee&pulative 1llustrations. .Rotate.
veeﬁore in baﬁh diree§10ﬂ53 illustrate retatiene follewed by

? retetiéne, show ﬁge rﬁ%etiene ef the eempeneﬁte ef the vector as .
_ethe veeter&roté%egg M generel meke sure tpa% the ideeg invelved .

;and the eymbekiem expreeging the ideas are_ eleer

. A [ & a T
L R, ‘ _
(Y ﬁE§éf§i$é§75f§L & B | - ';é)
K "¥eu mey-wieh”te devise additional drili exercdises in the ﬁbw
& . ’
! use ef retatien fExefeieee l 2, 3 and 4 are cases :in pe;nt end
v 7 <A ) ¢ LR e;a,, ’
e@;eueheprebleme are easy to. make up B Y
- e \
e o g . ¢ Tt s
L ‘fﬁ#?/_, - ,—?T* —.._ ’ ) . % B
H

: - i . .
a’ SR .
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7 ;‘ Left mem’béru v xI(R (%M
: .Right member._ R (Rx,(&f)

o fSince ;c am:l x' ‘are. real ntm;ber!s, |+ !
x S i? .ﬁ ‘ 2
L it falltji,s that the “1§Eft§ mem‘Eer

GeametrigaLly, tr;pe résu%kt ‘means..;,:;i"’_?:;a r@ﬁatig thfrie_“

Y % ™
K fa;lcswed by @ ; tatim‘x ‘th:r:;:;:ugh ar‘a_ X 1is equiva—g
;‘_f' leht t:c; a re:tation thf@us-h sar-c; %:c' i‘cllaw d'by a;";gt'

B *‘dﬁ?'_ Bow i

‘3‘, Simé Vo= Rf/g(ﬁ’); . l . B

) o | e ‘ . ‘§
e, B = (R'JT/E(U)) e Wy
. = TT/E(R (U))@ 3 by the resultﬁqf iﬁiz%rc e 7@
2 B SR .
Eand . § i
) e
, i - 84 '




- T,./E(R o) o

/E(Tl + TE) L .' .
_ ﬁf/g(’lr‘+-RT/E(T2)
S S T ; .,T/g(uu) + R,,T/g(vv) |
I G R )

uvli (-V)U T .

uVIh vﬁ

5-6_ A dditi@h Fcrmulas far Sine -and Ccsine*' C e

The derivation of cos (x +x%) and sin (x + x') - ‘is usually

acc@m§lighed either by geometric ccnsiderati@ns in the first

&

quadraﬁt (which then involve a great deal of work to generallze),

, " - , 0
@f;by use of the distance formula. As remaﬁked befefe, we :

feel the vectaf appr@aé& to be new and instructive and %p@

v o ko
3 iessencé simpler than 51ther of the afcregentlaned wé§include

3

the page on the relation t@ complex numbers. to show st;li;a%-

i

g 2ziii;?kana'cf-dériving them, ' °- ‘ .

&
[




; L v ggg Cone
Exercises 5 6 o g o ; ‘ 5, \ :
Y Co ' ’ o
The exereises are, in. gener;l %det;tities, appliéataicﬁa cf =

the sum ancl dj.ffe‘rence fer&las.. Xt:fu* may wish ta :Lllustr'ate ‘

8 few ssmples on the blac?aard ‘before aslaging the students tQ
- P
U WDI"I{ the exercises Exercises f 5 anci 6 are 'lmpartan-t-
,» \;§l . 5
since the tangent fuﬁcti@n appears here for the first time

and. samé C)f its pr@perties are investfga‘ted You shc:uld be '-

sur‘e t@ c@ver thése e;«:er‘cisea at ..:.Dme pc:»int in the wc:rl{

Answers te Exerclses 5-6 R
1. a) cos(X - x) = cos g cos x + . 8in %'siﬁ x v ’
. L E # - : :
- = 0 + sin x
4 b) sin (%-= X T sin x B , e,
é)» cos (x + sin % . -
_
d)' sin (& + sin % » ) .
P
e) cos (r = x) =-cos8 T cos x + sin 7 sin X J »
- ‘\\\Y .i i o N - (?l) QDS }C; D . . ‘K 4
B = - cos X ' i . ‘_
g‘ ) il
Y
-;:i}. B . o
S : f
- » ﬁj : . , 4
1 ) 2 . as ‘c:_» , ﬁ




- esT.

f)a'sin_(f_Q i)'é sin T, cos X - cos T sin x

1 &-v_*
)

=k slh E_ cos X+ CGE g— 51n x L e e . 
= (-1) ﬁDS X+ 0 . -

- cos X A

&)
=
~—
4]
e
u "
~ e
’TJ | ] A
b
~
[

.y
i e

IR

1) sin (§=+ xr’; éini% cgé x’+fEcsAgA§ii53__" '
L | L (ﬁg)(cos X + éiﬁ:3);;" ey

o~ _ : _ .

’ibcos(% - x) = cos %’GQE X + sin %‘sin}x

(/ﬁ

—E)(ccs X + Siﬁ 'x).

Henceg. sin ClT + }:) = cos (E - x)

%;ny'?“E. sin (x - x¥) _‘Ein [x + ( x')] B ST

= sin x_cag (- x') + cos x sin £ x‘)

sin x cos x' - cos x sin xt
*3 FérmulaAQ?): cos (x - x') = cos x cds x' + sln x'sin xt . 70
.cos [x +{-x')] "

cos x cos(-x') +’sin-x sin(-x') -

‘To derive..(6): cos (x + x!)

ii ' W:f,z o= zésﬁx cos x'_? sin x sin x!
To défiye'df): sin {x + i’) = cos [§ (x + x%)] vframu
N ' Exefe;5e 1(al.€§7 - cos [(§ x) - X']‘
‘( o I _ cc:s (-§ - x) chv x‘

. -ﬁ:_;Siﬂ (E *'! 3{,) Sifi }E‘ = JJ
Euislg (% - X), use Exercfela.

Q X C oo * -y B @"- v

(%] 3 ”
I
X

To simplify cos

)
. el




4gos”(%;—-x) = s8in x .
. o !fsin;(g;};; = 668 [% “(% - x)] -
,*;~ .'*5'%  '”_'i”ij ='co8 X. . T
. "Héneg;' eos(%‘— x) cos x' + sin (E.’ x) siQ Xt
Vbéc@meé sin X ccs x + c@s x sin x" o
- ' Therefcre, sin (x + x').s sin X cos x} +;968_§%31ﬁ ﬁ';. ¢ .

‘Ta7de31vé,6;ﬁ), usé (7) fust abtained-

‘sin [x + (sx')]

L

sin(x = 'x')

_sin X c@s(—x') +.cos X sin (Bx')

Siﬂ X cos x!' - c@s.x_sin X,

. ) : - 57. | giﬁ x
4, tan i X cos X (x ?é + 2 + ET]‘TT)

To prave that tan ia périadiﬁ with. perlad T, we. ‘must pr@ve.

LY

From the definition, ‘tan (x + ) = iiz_gi - i}_A

that’ tan(x + T) = tan‘x;i

-

_-sin x_
T - cos X
= fan X

(fPQm Exer- - I
'~ cise 5- E Qa) C

et :
il

PR 1

sin (+

H—

'IT‘) 3

PN
rd s ol

ﬂ\ ‘|Tr~

Néw tan (+ % =+ Env)
, y o8 (

H

. 'f

" But the denaminatcr of this fn@ctlan 1n ‘Zero ani‘the?éfcre

the values of tan(+ % E + Enf) “are undeflned

5. tan(x i-x')

-1 - &




: g .\, 859, : C

sin x.cod x! .

T
o]
Qo
e
e
|\
O
fo
o]

o
=
P
,H“-
W
w .
g
W——
I
..I_
»
o
i

[

Q. (. . S e Yy o 2

Aruitoxt provided by Eic:



ERI

Aruitoxt provided by Eic:

&
By . .

NDte \ The I‘esult given is

aarrect giﬂae tan E and

: g
1l o= CQSF

nagree in sign in

VoA

PRI

B




&

11- (cant'ﬂ)

. F

f1§;'= T/E(R

%;i Rétatic

!;1“5:5‘ 1(

R(v)

]

e

;iitanf%f;ﬁ"’

= fos T AN\ sin T -

(1 * caa y)gj*=“"

=

(l +: EQE y) R T AP

(U)) f RF/E?GQS X U + sin X V) ‘;t 3iff{;]:
- S . .

n thraugh m/? 15 equivalent ta multipllcatiam by i
cos x + i sin x) = 1(293 x U ¥ siq x V)

sin X+ i~§®$§ig i[éas g(l) +’sin x(i)]

sin X! ; i ccs x = - sin x #od EDS T ® e

(c@s X+, i gin x)-;} T

4

- sint X + i‘gosvx;" S e

&



: 5?5 ¥C®p;trugt an and Use df Tables Df,CirculaP Funct . e
‘ Since thi matérial ié largely ih ghe nature cf a' re 1ew:'
s you will pr'__ 7 ::ww L
7 tableﬂbf de Amal fraéﬁions of ;m/Er wiil be new tc the s!gﬂentj ;;
?; but we use j&_aé‘we d@ any cher{;able and it shaula cau'e no  5.§‘-ﬁ
%; Fifficulty, . - f* .‘*; f§j !'v!!i‘-:}é ;' ;j{' R  ';_3-;:
éngweﬁé to Exe;  ; : 7 .
l; Taﬂga,r 13 t félded because the values of x ¥ar givén
S in sui'%% wayéﬁhat they are not symmetrical about I -
V}CEﬁEOTSS .Férexamp.le, o ',\ | o ‘ T
e com 0 5@ ——sin(§ ‘-O.é%*-f;;35£ﬁGE'WE“a e using '
.._fﬁ?_ Fagian measufe % is ir ‘rational, 'and hence we w uld have
tcﬁuse an irratianal interval’ (as 1g” done in Tabl;iII )l .; o
té get a symmetfic t@ble f g

! cos 0.60x sin(1.57 - O 60)

', . ~sin O. .97. *5

A * - . . #
From the table, cos. Q 60 gro 8253 and sin

To be able t@ fcld the table, the values cfi
\
and sin 0.97 would have to be the same.

2, a) sin o, 73 ~ 0.6669, . cos 0,13 = 0. 7&52
b) sin(- 5. 17) = ginﬁ— 5.17 + 2m)

= sin 1,11"

S % 018957 5 \ o
d cés(—g%.i?) % ,cos 1. 11 ¢ 0.hunT [ L

¢) "sin 1.55 = O;9§§8} cos 1.55 = Q.Dé%?; . , .

= ; = S ) .

; - ° ™~
ki -~
%
1 A7 e )




e a) sin 6. 97 e\é"in(é 9’? E,E*n‘)

, il
-,:H:.»;fi %810 0.69  O. 5355;

B3

i;éifi gas—6~§7 x+cﬂs—a—€9—%h9—?7la7é?ﬂﬁr

3l a) [._sin x o 1099, ;-;' ":-;?_,% vo_ll SRR

._ﬁéﬁé:» Heréafter we’ use';

5};4?113)_f51n G 31(2)

‘5,  a) . sinwt = 0.827, -

A Txow 0.71 ool ek T
ey co8 x = 0. ‘5403, I 1%‘3 BET i T e

A,

b)) sin 0.79(%)
é)i,siﬁ Qﬂég&g)

H

0.905,
10.475,
0.795;

b) Vg@éL;t

e¢) sinwt
d) -cc@é&@
6. a) sin 45° = o.?D?if;/
: e o
h) - sin 73(1 = 0-9553;'

!

é) sin 35;2 =QD;5§65,
d)" sin 81.5°% 5 0.9890,

7. a) $in x = .agsz, x = 398
“e) Siﬁl }EE

. d) ‘cos x

)



“:vli(Tabie 1)
(Taple II)

! 6. éééfiiﬁ% %lcas( #,H l 8#) c@s @ E# 83809 (Trcm Exi.E)
[_3‘7;; cos 3.71 sg*\cﬁs(a 71,= w) éf= cos a§5' = -.0 8419 (Table |
8. Vstn 135 =,sin(L80 ;35 ) = Sin 45 o 7071 (Table 50 N

ﬂi;é? das(— 135 ) = - EDS(lSQ - 135 ) - cos 45 ’_iﬁ 0. 7671

L

T T T ‘(T%bl%’;ii)ﬂ"‘
% oL 54¢6 |
(Table I1) -

sin Bég

L0, s1n327° = - s1in(360° - 3279) =

=

11, cosfh 327°) = cos(360° - 827°) = cos 33° = 0. 8387 i(Tabl7ilI)\

+ i2u cos 12.bw Tveg (12,47 - 1om) c@s"‘ﬁx eds 0.8(3) S
R f o 0.309 - (reble 1) 1} o K
le 1) °

i3, siﬁ 12,4 = = é;n(#v;féiéﬂﬁ¥fn - sin 0 16/="- 0. 1593 (Ta

= ) LY

!_*l4i;;égs(é;n .3m) = gas(siﬂraié(%»

GQE 0. 8@9 (Tabla II) ‘ !

]
.

g c .6902 (Table 1) ({ v
"%15. sin(sin .7) = sin 0_6442fé{é.6b;é§ (Table 1) . . 7.

E

3 S . = v R -
LTy \ e =kt T A - . s ae . e e e P AT St mametaTaref v caberer < nx Erweme e Feceamimae o -
/ - N L .- .

5-8." EﬂfefWavegi'ﬂFrequenéy;fﬁhplitude and Phase -

We chose cos assour staﬂdagg‘wave’beeauae its first ﬁea%"

DCCUTSEEE 0. j Since we' are using ﬁggks t@ diaEUSS phasé, cgé
L o/
serves better than giﬂ which Qeaks first at - #/2, By usiﬁg
- I N o =i5f B 9; o
s - -~ ) . . \
¥ ¥ '

e e e N R £ RIS Sl gy




as "_fallcws- T | a ,
. Since Dﬁ 5 cos(m: v ,’Q 927”)3 T e e e

. rc‘_Hengggf! if‘ o . , ’; : L 1 . o .
| U - D W - B s‘%

vyl i
i T s [ *

i o e

Vs since 2250 x o029, v”;‘ﬁ@sTE?x an 1.79. f .

B . ] . .

' . 7\ ) 77- ‘- ‘;7 -‘77!._7 } e o 9 " i i‘ : ir‘ !/ -
-« - .Answers. to Exercises 5-8 - ... l S o .

‘ ‘;1?- E,quaticn(%@)‘ : ¥y =3 cos ,1}1: + 4 *’sir}. Tt »
S é.;5cgsa(méoi9§7)i-’*»;-_‘, R

L]

’y will r'each a mﬂﬁ]lmum whsn T - (%92? =& . -

*’“l:.'?:‘g }

T

Z "

f% This!agreés with ti}e daty shown'in Ezi%‘ur'e 5142. _ o

2. See graphs, .
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" Amplftude

= 2, Period = 7, Piaée lag
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5, Period = 2m/3, ' Phase.
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a) ﬁwz

P 7.

- [ 268 o

el

A cqs(ut ad) :_A oswt ccsel. & A sin.wt sinck

4éin1rtsaccs’rrtf'

f‘ kR L P e S

A (siﬁgd + cas d‘-) = 1‘6*;+_ 9 e - A

(*’ﬁﬁswer- y=5 ccs(‘trt’: - 2. ELS) : , b

iy . " Y

5 3 ‘ . !» ;‘ 4 =

‘sj_nd-;g CQEG‘\E-‘égg

i

Ais in I and ' & = 7 - 0,927 = 2,215 N

ys‘;-Llssin-trtasBcUswt

singt =
. L

j Aﬂswer‘ vV & 5 CCJS(T‘? - 0. 54'4)

E—Ss I sin Tt - 3 cos Tt

Asipd = -4, 3 Acosd =3, A=5.

4 e 3
T s egss&gg,«,é .

J 4 . 5

~ Die Q. 927 5 357
Answer: v = 5 GQS(ﬁ - ‘5*357)\ . \

cz"« 15 in IV and

5, \'Slﬂ -g , cos A = _‘.L.% . s N
; N .

eﬁisinII; aﬂd s\iﬁ-w+6927~406§9
Answqr ye= 5 cos(mt - Loég)
233}&7‘&3-&4"‘(}33* -

= 5, siﬂds = E y. COsd = §

Y]

Ails in I and & = 0. 644

3 sin 'nlc— 4 cos wt
55, sir{f}a‘t g,‘cast;{\f

& is in II anf{i A= o o-

0o W

i
| -
G

I . . -

544 = 2,498
Answer: y = 5'cos(wt - 2.498){ e

. » v IUL}

o



Althc:ugh thé dlrectians in. thi.s pl’&jb ﬁ/d% ﬂét ask f‘$ ' thf

' v.alués QE‘ t. at which ‘the mgxima and miﬁﬁma oceur, they

have be dfncluded in ‘h@ese sclut.iz:ns in case the questicﬂ )
arises,| - ' " 4
| oo — , | (SN o
'. .é.). A =? sin sA % s, .ccs A = -}é a{ﬁ@ 544 7:“
-Hence, 3 8in 2t + 4 cos 2t = 5 c@s(gt 0, 6’44)
Maximum' value of . 5-:&1’)2(211!1“3 when eos(gt - 0. ?44) = 1
. or éfé——]é;éltﬁ‘ A0, ¢ = 0.322." Minimum value of"-
-5 occurs when cos(Et - 0 6414) * Df;; y )
" é;x:':: (3154)4’ g s ot a1, .893, The pericd :_= M;: ? =
JHence, maximum values occur at t = 0. 322 + nr. and-” \
_ minimum values at t= 1,893 + nw. . . ;i | )
b) A = \/ﬁé_f VI3 , sin o f;\,%f ‘ cos o =%“:
A¥ T -0.589 = 2.563: LR

s ’ 5 -
Henece, 2 sin Bt - 3 cos 3t = ,f13 cas(at - 2, 553)

S‘IT‘

The' period : - . Maximmn values of VI3 occur whell

M- 2,558 =0+ anm, v~ K851 + BT | Mintmun values
ofy—- VARCE DCEHI‘!W}'}ET{) 3t - 2,553 -="7+ enar, '
',tslsga'%li |
Fow g A
‘
- !
¥ o
- {ow A



m- ‘

b\x_|i‘_ -

l*;,m“éf" sin- d-;a- E - : COSE‘\ 7?;_ : ,;A % _

.. gin'({/\»"’; ccs(t/?) Ecas(ﬁ/g --711-/4)

L . 'I‘he pef’iad T = Lls‘ff‘f Maximum values @f 1/'§ D(‘;;C‘._Lli? _
= 0 '+ E’n‘ﬁ, 't = % + 4nm . Minimum values

_ @f - V2 occur ‘when - —% =T+ 2nmy b= S 4 knm .
e e _ : , , .

**511. épé(@t : ak) + B cos(ut -,5) h o .

‘= A cés@ t cos . + A sin_wsn A + B cos wt cos,ﬁ
!

¢ _ | Bsiﬂwt sin;;?

(Acosé‘\%Bcag,&?) coswt+ (A siﬁ§‘~+Bsin,§) sin w t

o cas(ut éf) when

C \/(% sin A -|7-7B sin ,5’ )E + (A cosrai. £ B cos ,5 ) ,

Sj:h o 7A Siﬁ(‘é + E Siﬁﬁ \gﬁd C@Sf\A gésé + E’c@sﬁ

Since A, B, &, ancl /ﬁaxﬁe real nmﬁber‘s, it fDllDWS that C
. . 4 i N \ A - J
and ¢ are real nmnléféfs_ '

j_ ~a), From the solution in the text,

C ' t = 9—‘1%27 + Loy en’, f

— o —

So ,t = 0295 i’*C}BBB + 2n. Thé smallest positive -

0.628

value of t 1s ¢t ~-0.295 + 0.333
'b) 3 cos Tt + 4sinwt =5 -
5 cos(mt - 0.927) = 5° o
o cos(mt - 0.927) =
This is satisfied when the argument of 1:1‘1eqi:‘ct"_vs:Lr‘xe= is

0+ §1T Therefore, wt - 0.927

or t = 22220

2nT, —~

i
I+

2l 4 on = 0.295 & E'n

105




. 6. 1) The smallest positive value'of, t is 't _@.525.

: . s -3#-_ vz B o . : ' .
,\(\ _GQS(Et = ) ;T!? . y : ; P o .

"This ls aatisfied when the argument Df the c@sine 15

-ﬁf'ﬁ!%;t 2n. Therefnre 2t - SW s-+\Eﬂ+ EHW, or " -
3 .7 £

.

o

* s

ot
i

j% + nT. | The smallest pésitive wvalue. Qf t
- . ,
T

d) % cos wt - 3 sin 7t = 0

A " 5 cos (ﬁ’ - 5. 540")" =0 ‘\-)

L

Oi

fa - : ch(wt - 5.640)

1s satisfied when the argument cf‘the gosine is
g N

+ g + 2@“? Therefore, =t - 5.640 = 4 % + 2hw ,

or t*éi@ii%(;»én,elﬂgfa 95"“2“ §&

The smallest positive value of t- is ' t =1, 795 + 0. 5.- 2
e) 4 cos mt + 3 sinwt=1. -

= 0.295.

75 ccs(ﬁtc— 0. 644) = 1
cos(mt - 0. 644) .2 .

This is Satisfied when the argument of the cosine 1is
approximately + 1,369 4+ Enr (from Table I)
- Therefore 0T - O.644 = 4 l 369 +. 2nm, or.. -

~ 0. 64?3+ 1,369 '
£ o o + 2n.

of t 15 taoQuOMF-1.360 5 o o4 2 =1.769 T ,

- , I .
) AN

The smallest positive value




7 G:Lven 'y B cgs(# t —15) e \ ‘

We may clearly assume that p { ﬁ { Er__ )

f iSXPDSitive ancl B is negative, set ,,,d'-*lsfhl

;EzfAﬁ SR } w7

—

Thén Y = A[— GGS(H'E rﬁ)] A cgs(m t EAﬁ + V*)_r

If‘ D\{ﬁ{r, _taka.; skg,gf+-n'!.:
It TEACem, take &= /4 - T

3. If « 1s negative, . set fﬁ = - W,
_Then y B cos(-ut -2) =Becos(wt+/4 ) - =
= B cos[wt - (27 -2)] ‘

) o e |

=B cos(wt - '),

Proceed as in 1 and 2. ) '

* . : . %
Iy

5-9 Identitles. Tangent to y = cos X.

]
(]
[

Exercises 5593{ - IR ,
i

The identities dealt with here are 'somewhat more difficult

7 7 than earli%r ones. It may be yrecessary for.you to work a few

% .
1a§l{bc’?’ard to help get the students

. jditian‘a’f“examplea on the™

started. i o - S . y

\

a




:' - . ',_ - S '7 : ‘ ' \ o, . o
e -'A'!n,\, - 7 3273 A :.; ) [ . ‘ L

‘cos(x -

L

cos X cos'y =

S e :

cos(x - y) %

sin' x sin y

Solutions to Exerolses 5-9a.

""zy)—*bcas—x—c@s—y—a—s in rmn v

y)écoaxccsy+ lnxsiny

E[cas(x + y) + ccs(x - ‘.V)]“

eos(x + y) = E’ sin x sin :y

=

cosz('_;x + y) + c@s(x - y) = 2 cos- x ccs y. o e

[ccs(x - y) - c@s(x + y)] R }

“sin(x + y) = sin X\co's ¥+ ¢os”x sin y

oin(x - ) =

sin x cgs 'y =

e -5"

sin X cos y - c,.@sc-x §:L'n y

IR siiﬁ’(x ;\y) S+ s-i‘ﬁ(x E,/,_y) = Q:Siﬁ X 008 y» - P

§[sin(x + y) + sin(;c . y)] 2

2/  cos ma . cos na = [ccs(rxr-la n)ex -js cas(m - n;)t:;:g”]

I

=

8in me¢ + sin nt::js -§[ces(m - n)x -"cos(m + n)t:ac ] -

_sin mox + COS.NK = E[sin(’m + n)::x + S;Ln(mx(‘— n) ]

3

3. sipa 4+ s1inf3

= 2 sin gﬂé—ga cos d’ée

' Réplac—.e 3 by -3 and sin(3 by =sin(3. Tﬁaﬁ_

sin® - ginf3 = 2 sin = 5~ .COs

]

cosaa - cos(3

4. In (5), ‘let o

-8B &x43,
2

x and 3= % - x. Then

= cos X - sin x

= -'@41n T sin (B

<= - V2 sin (x - 71%)

5.,13‘a)i sin 15

.
it

= V& sinil.(%‘ -~ X)L o f

=
sinﬁ% O -Qg)\; S:Ln% cos g - cos % sin

(‘

2 ( §) [ E‘)(é) R

RO

S
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w3
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ﬁ#j

b
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Lag g

() Y3
i
e

Y

27U
cos i | ﬂ B it
ey E et B3 ‘6 = wal:
- Vo Ve
{3 () — oy T
Y " ‘R/L! ] I
E) Y ié - = 4 - =
u) e BN A )
3 I Tan o 47tun 7,
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') sin 3x 4 sin x ='2 sl 2x m;JS A [ Ly (5)]
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iy ©r U, Miscellaneous Exercises
. . . . - .- ,.;._' . .

1. a ) lsin(v + x)l ~[ei%inzx]‘?v]siﬁ'51g‘>P2fiédic with”

R f,_'f peried W‘;ﬂr,ri e -gL;i Lt
| o b) Sinte [x + l] [x] + l »We have«' |

(x + l) [x + 1]. %vx + ‘1 - [i]

;_ _ : ;f(xv+_;)-

X - [x] = f(x)r p%rlodic with perled L.

,3)"¥f£ x sin x. S ,;' ngt periodic

sinEAxg SinE(T o+ x) = [ sin x] = sgin 5$;’ w<;;
' eriod .

_1
el
L
ot
I

C

o

. 2 B ,'3- J
= 81n x "“’nct ariodic E

m
—
L

il

v

8in X + 2 cos x . - This 1s not defined if

.fla Y =7 sInX+ cos x '

Isin X = ——= éf‘if .tap X = - and the?efcre.aﬁ

“rof

_x': tan’l(—g%) + nw.. Defined for all éther valués of x.

sin(x + 7) + 2 cos(x + 7) - sin X'- 2 cos x_

_ 2 sin(x + 7))+ cos(x+ m) -2 sin X - cos x
‘i ! S : sin x + 2 cos x = £(x).

= 2 s8in X + cos X Theréfg?é

¢

_ perlodic with period 7 1f .the domain - is rgstfieﬁéd{
g) ¥ = sin x + [sin x] |
sin x_is:péficdaé Witﬁ peri@é 2T |
Isln xl 1s periodic with period 7 )
S The sum is periadi; with p;;iad lcm af Eﬁ + T or 2#
h) y = sin x + sin (V2x) |
.8in_ x 1s perilodic with period éw ,“_.?_

sin VEX 1s periodic with\per‘icd %

%

Eut there 1s*no lcm of two 1ne©mmehserableiéﬁmb%%s A~

" therefore no period for the function,
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J“E_.‘The decimal expansi@n cf %%g 18" iélé.'réngé!:ioa 1; 23 f[;

-

o "Asi f(x + 4) f(x) »  ,kpericdic Witﬁ periad 4
f(97) - (1 ¥ e 24) i‘(l) A '
. . /

| "'3';""f(x + E‘) f(x) _‘ | f(sx) - b - 3 o

xb-)‘.,j','f(g) § £ 4) f( §) '=_ . f(g)
o) £(9) + f( =T+
: = f(l) - f(l) =

e

R é)’iég radians —> ( . lao)’“ lSDD ‘};.

o2 " 5 180v0 aéo .:' I
b)??ﬂhmﬁﬂ,.ﬁ? ( ) . 537;
) -STQ-%* %%Z radians ,f !7 - T

0O . .
2y 2 . .7 _
FH - 7 180

radians

radians

s g

1{(:2

A

7. a) y =2 sin 3x v pTriQd' Eg_g amplitude 2 range E-E;féji

o e e
ke, or = —
. - - r i E iiéi iE
.
o 2

i

=
H
[41]
0
I

CTEATNL BN
FaRE . -
e N )
-] | HES I

f(l +. 4 2) + f(ﬁl + 4 ). f{l);+ f(-l)_.' 3,f



7. b) yo=-3 sin Emlt s

o o periéd 'f

Y
\l i J o1 o

My
o
‘l"

Amplitude - + 3

B S S

e F)'I y=2 ces\ﬁ. L TN T T

m’”’ '='4-!‘-";?‘iv_'-§periad 2. 41r R \ - - | ( )

(J a EE-U ihﬁv’—_ﬁi" N férgi”:jj,; 4t

Amplitude* 2. . EEE

‘Range [EE 2]' T

STy y=%£'sinx cos x,! Traniform the-function firsts— -

vl 1T ¢

= , v = San EX. ,(

] "l-:'-l

" period % =T i A S iy

Amplitude 3 R 7 ;;—, 13 | , i ﬁ ~

Lo VI S

Réang% [- 3, 3] TT N T -
-\t T | 7 R

’ 1 - = .. .;, i ..7,; ,j, - = ,,7,,, 7**;.'—*
e) vy =V3 sin 2x 4 cos X, Transform the function first:
_532;:[2- g sin 2x 4+ % cf@a Ex] but sin % = % cos o =

E(Sin 2x.cos =5 + cos 2x sin 'E)

AL N A4
Periéd = % E, T - -1 / \ u ] ﬂé"‘ e s

Amplitude = 2 } 11 1T B
Range  [< 2, 2] " %7 T17T 1T 1A i, VI

¥V = 2 sin(zx _+ ’S) — '[y'f-*\j":i. —— T

T
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9. £:x =3 cos(emx + §) = - 3 sin Bex

‘ % 3 3;ﬁ(é%x %'%)'_;;

"_=We‘cah?usez‘A é,E}t B=2m, C =

or . A=-3,B=e2m C=

. o Vic > > .
Q, cos 500t o A B

:@
N

g, sin(s00t + By &

. 7 7 \ 77-. 7. ' é'r I - {
:a) period = o5k, frequency = 52 [ -

0

). @ =0 if cos 500t

T

. e 1 T T
» ghis ;s Zero farft?e firs? tiﬁe‘gt t = T Egﬁ = =
e) Q= -Eng if fcés 500t = .5 = i’; 500t T or

I
wl
‘
ot
1
- |
Uy
:

2

&
o
i

: _EQG far_séeéﬁd:time - 500t = é% or t = 3%5:

3x _ cos x - cos 2x
' sin 2xX - sin X

|.—I
e
ot
. ®
.
[l

, . Cos 2x - cos X ,
T sin 2X = sin X S V &

- 2 810 5(2x + x) sin (2, - x)

A P N e Loy
2 cos E(Ex + X) 51nx§(gx - X)
Cogg SR V

- an 3

:F gtan—gi
_Vrg@ ’
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i s
o C o

‘>Té94¥  1

13; PéDVE: ; ) tsin X + GDS KI S V#E

| V§ [TE sin X j 7§ cos x]|

-';;Isin $9+;G§S,EI;

,;l  _ . ='f“-:: ﬂ~?‘ f;g fg Isin (3 F ?)l _ ;;ﬂ,;;;é;;,[;'

and |sine | <

B

o QED o
b) | Vﬁfsin‘x,+rccsgx] |2 [—E sln X + § cgs x]r "
B R LY 5T (x i -g)l P

g? _' ' siﬂce : IsinE | < 1,

w 7

f';AQJ Find f(xf% #) in terms @f f(x) ‘and f(y) Gnly,‘q
| n ;giﬁén thét: (Hint-; Find x in térms of f£(x) and y
1d te 3 of _f(y)) B v . o

" Ansiier: . RTTTRR

Ans&er;'_f(x)f(y)

XK= B Answer:

x X ‘ Answer:

x—>log x Answer: + 1D:Qy))”

o
A

. a) "sin x > 0, lmplies x in' I or Iinuadrant.

Sincé sin x cbs x <-0 and siﬁﬁi-ﬁﬁéiﬁigqs,x <0

and & in II-QP IIT. Hence x is in SIT;*"{

b)) cos % { 0 - x in IT or III, sin»I cos X >-0- which
rflrst means sin x < 0 or x II or IV.

Hence x. "is in IIT.

c) x

100 100 = (15 g)gvr . Therefore x 1s in IV.
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16 sin(casx)z ccs(sin ;:) has no. sclution. o o ’:
.-,Eraof""\Thére cculd ‘be no - saluticm in quadrants II c:r III
1. _faince the ieft memb’er wcmld be negaﬁive and the I‘:Lght -

: mernbér Wculd be gssit’.ive (if 8 = §in X we. have

-— 1 5 6 <1l sn%l;hat e 15 in either{guadrant I c:r v, ) F‘
Ii‘ there is a IV quadfant: scxlution we ma:y set x ;- az. L
_‘ 'I‘hen sin(ccs z) = cos(a sin z) = cos (sin z) Hence_ thgre
R is IlD IV quadrant selutian unless t.here is al 'qxiaclnai{t
soluticm, sThen, if there is a: I quadrant solution’ f,‘ :

} sin(cas;v x) = sln(E - sin x) and sin x + cos X'==,
or 7’2’ sin X + V’ECSS X = T ' 'siiﬁ-(xi E!s ?;3%2 . Eut

thig 1is impnssible since -;;,-72- mlu >1

_\M#

4, -

s ] , ; e e e

. ’; a\lg y fsinx L e ,
[Alsa (h)] Db 1T N il

-Ei 'Fffr!f: .7?.ﬁ- \ x

h (axso ()} T I T T

11 g ) , | : B) y = IS l'n X I ] |
[N - e e s . . [ AlSD (k) J;,i - [ - , 7 :a,:: B 7. - 7_7 - 7:_ - 77 .
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8) yPemPx [see ()]

wy

h) ;V= 2'sin % cos %; sin x [See (1)]

1) y'= 2 |sin %I cos % -

]
|
[ra}
I—Jm
o
4

s F 8
.5

. . < - 3m £ x < M
¢ ? | - gin x, .7 i;‘_;x < 3T
') N B g

T \W/ el | Tap [ | law |~ LT T
IR N4 e

B T B \

~ k) y-=2 |sin % cos %I = |sinx}- [See (c)]
2) yg_ = b sin® g cos? % = sin® x [See (d)]
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L o . S . S 4%  L
1. Deﬁermine whether each'af the fallawing funcﬂ!ons 15 periadic o

e ‘,l and 1f sc, find the fundamEﬁtal periad

. H ]

' _(b) _E;gifn 3)(205 3)&"

I cos. E x1 fﬁ f;ffﬁﬂfﬁ 7”;"fJ’E;”T}f*"5jffW””

2. Given tb.at x%p £ (x) 1is perj.cdit;: w&th fundamental periad

‘%* and given ﬁhat f (E) —~2 f (2) =5, and £ (& ) ~é’ifi§i4':;f>
(a) f (O) o S , A v T H
BENOREAC- I D I
3; 1S§eﬁéhxtwé GQE?léﬁé'péPi@dS of the'grapn of y = sin 3X.
f»LA;JTQIJ-Cbangé-from;radiaﬁsutardég:ees:-r e

oy

a

v
W,
or
o
LHmim H

(a) '165° . .
»a- .o (b) ED : P ,j 4. ',. :{;’T e R . S

Sii What ls the radiuszof a circle in which a sectar of area 6 hag_

'.} <a perimeter 107 ’ o ¢

o (two SDluﬁiGHS ‘ ." e f“
7.  Sketch the graph of y & sinxf i¢§=‘G§S$(! gver a complete
pericd;-indieating ;oﬁh the fundamental period and thé |
-~ amplitude. |

¢  ~B. Express sin (X + 2 y) in terms of sinx ., sin vy, cosX , ccsy;.

. 3 \%
i

132

1

E ]




9. B press the fgllgwing in the form '+ 'sin x or . ¢os X

_j(a) Sin (x ¥ ) b  _ﬂ;. " % e

(b5§ eass(, -i.i);

e
j/j% e

- %13, . If a, b, ¢ are canstants, find A’ and *B such thaﬁ

14 Find (a) ‘the

,(c) sin (— BW ,_x) { ;i:rils T -
'(d) ccs (x + 5#) R T o
iShcw that

':(sin x + sin Ex)(sin x)(l - . )
& L ... [(cos 2x - cos x)

e

(GGS X + o8 Ex)

holds fcr'all réal values of x.
fli. gGiven sin 27° = 0. 4540 and sin EBD = D 46953 ihtgrgplafe:
. to.find
(a) sin 27 y°
(gj- the angle between 27 and 28 whose sine is. é“#§é§4;“>”m

12, Given the functian x— - 3 sin (2x * §),_ find the pcints

7

on the graph with smallest poéitive X f;e

which
j(a) the functlan has, the value zero
(v) thekfunﬂtian has a maximum value | .%k%

{€) the function has a minimum value ..
&

£

csin (x + c) = A Sin(x +8) + B sin (x + b) holds for '

all, values of .x. " (You may assume that ‘Hin (a -.p) % O )

iimit of Ei%éézz as x appr@ahces zero, ~

" and (b) thg :lépe of ¥y = cos 3wx at x

l(' 5y -
(b)” Sin“(cas 1 §))

115, Evaluate-J(a) Cdf(aiﬁ
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ansider the function f x—*sccs(sin -1

x), elg Sl
(a) Fihd an algebraic expressian for ,f(x)
_(b) What is the range of fﬁ ? ~:-ff=~ : ,E?yir T "‘lj

_¥{’ ; ;[3?’“‘*<T,'if>f%ﬁhave—an—invef§é ?ﬁ%'*’f”j*ﬁw*'j*ﬁ*”**5i*’

: satisry
'(a) sin(3x+ )'E cgs(‘"‘“

(b) sin Ex - ces Ex_ 35§    ;' o k;_;”
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,
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e @

Lo
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'i' ?gpce,: |caa E(x +-§9|

g?s E(g +. Uy

A

:jgiﬁ 33};95'33’;
@?(§) §
(b))
e

gt g) f(

(‘.’g*. ,.’g’a
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12. (¢) X =yh, -3, ... N
Ané‘wer: I%& .
13. 1If X = - a, we have
sin(c - a) = A s1n 0 + B sin(b - a)
& kS .
B sin(c - a) sin(a - ¢]
sin(b - a) 7 sin{a = b
L A - - . we have
8lu( . L) = A ;slu(ﬂ = L) + L owln U
A = §!in ¢ _ b lulb ¢ siunlb o
“sin(a’ - b gin(b - a sin{a = b
\ <An 2ua 215 2an ' 3
' \sﬂ) i{ du ‘SH_X Lo - i = 11 3
(b) 1r L{a) ~ vua Lua, thoe, L' (a) i mla du.
. 2, 3 /3
and I‘(%) = Su S W '—3 3 (;/%} 3%52’
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(a) Since sin(y + §) = COS y, We can transform the equa-
tion to cos 3X = GDS(% - 2x)
- T
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Appendices
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*2.( Mathematical Induction

Both the téaﬂh"éil,éﬂd Lhe bBluueuble vus hiuve o mrenl dewld ol LU
with thls toplc. THe sectlon should noul be altlewpled with o Lelow-
average class. for an average claso 1L 1o pruolably wlsSe Lo
elimlnate the oovond puluclple O wwihicnatival taduotlon (and, .
course, aill =.elcloecs whlch depend upvn 1L) ao well as Lhe bXauwples
1o ad 11 w1 Lulse prowlo by lodugilon I'tio. . loe “Ah!wglllu“é
proved’ 10 Lhese cxamples aste dellberatcly vulrageous ol [lrsl
s1ghl Lo UL cve Whie pouvionl sladenl will be wveie (ial Lheso 1.
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Solutions to Exercises (2-7) on Mathematical Induction.

1. (First principle).
®
Initial Step: For n = 1, é (v 1) -,

Sequential Step: If the resuit ls true fox k, that 1o, 1t

l +2 + 3 4+ --- flgé%h(}{il)g
2
then
O e [ T B T (P B AL\L!A)rhlg
‘ 2
(v. « 1y (%A o)
é(h L (AL tou)
[ (WA O [
/
;;AJLJQ}i il’-i Past
4
= ' ! -

L S e xdgg. Lire
EEai .8 & .a s L L3N i \
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'2b. (First Principle) -
Initial Step: For n =1, ‘
1 . . a (r* - = &
e a (r _ j_:)_ - a

- !

provided r + 1. (polrnt out to the class Lhal Lhe sun Lormula

1s not valld when r = 1.)

&
Seguenltlal Step: Lbenote Lhe a Lhié Berl'leo Lu Lhe [lrsl 0

terms by 5,,. LU Lhe rteaull 1o Lia L= K, Uliedn
; N 118 '
Qk_’l = QE t al = ai‘ ‘) § ’
——T"
.k
= a4y ar(e
\ ‘ Fl |
1 [TEY
S L x
r 1
ol
ali 4
T j)
L R S S :
1
i \
e Ll & -
i
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N, .((Firéﬁ Principle)- ‘
Initial Step: 2.1 = 2 = 21,
Sequential Step: Let us assume Lhe
n =k, that is
¥ ek 2 <h )
On multiplylng vy 2 we have /
L,,'*ejh :”L -, ;_;EL:L
Qi Lhve o Llies v d v e a4 L lulal aadubes
Iellowe Lhial &b £ & annd Jho 2 - E;n i
bt ek 4 ey 2
I Vs T N T
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(First Principle)

Initlal Step: For n

&

\1s_plain1yi§atisfiédi
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1l the relation

1 -1+ (n= 1)
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other words

k + 1 =ab
Whé?é a and b are natural humbers. From a #+ 1 we have L + i + 1,
aﬁd from a + K + 1 we héve b +« 1. It follows for both that
la, bgk. Clearly, then a, b are elther prime or factorable 1uto
primes and the deslireca factorlzation of k + l-ia wbtalued by fLorm-
1ug thelr product
To. (Second Principi.)

Initial Step: For N - 1, the uwber U uu yctdica o o 4 L

$§qqéhglégu§§§pi suppouse that for ail ..atural number. less

s .
than or equal to k ti.t the assertlon ls Liue. We Kuow Lo U,
t-hd.L Lliel'e exlst rlaL\Algl Litvuaulssl a8 Loy alsd . i s i 1 L oaaaad B
9] - U t+ U
Wtl P o -
Slilce B le a nwaltuiael nvumbessr g S B Y I i, YT
lasi L L, o1t L O0liave Uan . La. i 11 T s
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8. (First Principle)

The student shpuld be expected to complle a table for a few

B

values of the sum 5, to n texms:
S; = %
~ °1 2 L
55 = 1 + 4 o= 4 - 2
£
_ & A 2
il 93_3 h § ! j:-ll' - 3:‘)4‘ - E
. 3 1 19 4
Sy = F Y I¥H - 4iF = 0§

[y
—

AL Lhilas peeslsal Liee ol 1l Lo wetd Y I T T L T TR T
Y
hypothiesls ani: L. ealablaishling hia p.ool by 1nducll. ..

Hypolliesls. F.ou w1d wabusald LOuberso b Lhe wum 3, Lo I Leaen o
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Aftérsthe student has worked thféugn this problem systemati~

cally, you may wish to point out a qulck proof using the ract that

- % Eéki , 8u Lhal

, o nin + .
Sn = (1 - 2 (- d) e e e - A -

oty

The only trﬁﬁ.blé with thls 1s that the student ,Lliafr\fa.ll Lo ya;;;l&!;é
that a pfééf‘by xuaLhémﬁL@i;aih lada. il l;i allll Neceboa.ys |
9, . (First Primciple) |

These are many pusolbic allavkd éh Lhilo paclem, Heio oz

observe on td ulating a few values of the sum S, Lo n{ta;ma;

. S ot
5y -+ 1
3. o= 4 '
) 5 I SR L A
3 i
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’ 1Y i — i
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soo o PrOOL -
. - Initial Step:
L. 8y =1 1s satlsfled
. Sequential Step: If The hypothesis 1is Lr
- &
L
_r?{i;ﬂ
; if
lu, . (Flrst rojacaple) 71
There are maly ways ..
slmpleal la Lo wvlbocive Lhal L
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You miakg remark as an interéstlﬁg sidelight that this
- result als Q dem@natrates“that ‘the product of three consecutive
_natural numbers 13 divisible by 3.
11. (F:Lrst Princlple) ' \
Let Ak be theaassgrtian Eﬁac for any k t+ 2 polnts El* P,

LI ] Pk+2 thatv

b}L - m(k £ ) ! “'\L‘FL!' ! ) '“(LAAAL%‘L«.A)E M(AL‘I .,j’,
Initial Etep
. A1 1b centaluly tiue o10GE 1y e ol, Liaige U Lilangie
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(k + 1)2 (1 + 2k + 3 )
. (}c+i)E

| = (k +1)% + (2k +3)
v = (k2 + 2k + 1) + (2k + 3)
. = K® ¢ bk 4 4
- = (k + 2)°,
ls (S‘:Bgudﬂi“; ipd o
' et U, = u(n€ v L) £ i nabidr b . U e

that U, %5 a cubly polynumial 1u a. It 1s .asy envagl to see Lhal

the Aiffercniue
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' Fi?st_we_abaezna_t

N correat in that case._ Néxt we assume the result is trie fpr all f
e natural numbers less then or eqjglztc‘k; we have }4?i§. .

S =l3k? +3k:+6 . I R

Iﬂ- -

L oy f,.(.kﬁl):"“" - ool

e

T

= 3(1{3 + k + 2)

i

(It f@llaws fré% tﬁg first principle that Uk+1 is divisible by h.,

Prcaeedingﬁ@ne mope. step we hava _¢]"ﬁk A

Wk+1A; Vigry < Vk = Uk+1 ggk v'F“_'=f" ﬁf:fsf

’:‘?'¥ '%? % 3 {[kE+ k + 2] - [(ksl)g + (kel)+9]} -“i_%ﬁ%é;

”47}5; 6 k.

It follows that @ o é‘
| Uk+1 = EUk“ Uk g + 6k f»- o @y

'...

'j}“Hence,'since Uk and Uk,i are divisible by 6 we gee that Uk 1 13 B
';‘divisible by 6. . '3 S o I

HL] B
: E . E

A It is ge@d tﬁ p@lﬁt cut to the’ student ﬁhat the pr@@f is nct
camplete at thf%epoint aiﬁc& the afgument gé%gg#fr@m k t@ E + 1

' musp be valid for all k., In this case 2quatian (l) is meaningless B
fere e e W ﬁ . i d TEe

B . .

fard,'% l, since UD is undefined (U is defined ‘only for natural = - -
numfers n) There are two ways to:surmount this difficulty._

E N - QoA
a. Simply eitend the 1nterpretaticn of* the farmula ‘for U o

;qfq

fs@ that. UQ —.O - The methad Gf backward extensian is oftdn quite .ﬁu

usefu1~ - o Lo ’ - %g )




O F ; gﬂ & L 4 _'; " : . ’ ‘ N ) - .. : . .

T RIS Le'l the kzth asserticn Ak be %at both Uk and Uk*l are’

a?fﬁé* dlmisible by 6 (ratheg.than Just Uk-) Ib PTGVE the Séﬂefﬂl ‘résult:
o ult:

1t then becemes ﬁegessary to establish bcth Ui = 6 and UE g_éia'as"

@uﬁi? é %pecia@ casesﬂinléﬁe initial step.! (This methcd is quiﬁe general
, ‘ifcte t!hat it @%s amilar tcs “a pI“DQf af the seccnd prinr;iple by the
ST J; L L Wt ,

‘é%irat Q e v O
'. o B
*‘*‘llt (Se"cand P;;inciple) A 1
:; ‘;:flii= iihis is a prg%;em fQP which the methads Qf prc@f a%e diversi;;

'? _@%: Mast usually, the student will prcbably dichVer ﬁhat the payments -

are in arithmetie progressi@n beginﬁing at the leader, gaing arcund
i

é?i‘{v ﬁhe circié and returning t@ thé leader agaln.* Hé'will then reaiize

l\

i

€ .

: that all payments must be équal., Here ls anathET approach

Let us” suppcse ﬁheré*are n pirates I addition to the leader.-:w

A

Wé assume n } 1; atherwise the resultfis vaiaus. Let P be thevfﬁs”
amcunt Qf payment t@ ﬁhe 1eader and 1et Pl, PE":‘ . P bé the
ﬁayments t@ thé Dther pirates gcing to. the right fram the_ leader

' §
&‘“ ’ anound the circle¢: Except f@r the leader, we knéw that eagh pirate;
Vo . 5, a »

T receives a payment equal t@ tne average Df the two men on his right
and 1e§t It fqilcws(that fcr 1!§ k.i n.- 1 we have I o
w e e Pl‘?,'l, g Pk+1, (k'=1, . v ., n=1),
anﬂ f@r k =n T 'i ' / i L w e
e . e . % S .;; v}gt_, 9 . O }u
' (E) . 5 N D _ Pnal + PQ o e S
o . , _ -
) B : - . : ¥ -
iy Ca ‘WE.consider three cases tnat Pl is equal ta, greater off less
o v a : . » - -
L than PO- S - e . .
. o -8 Suboses?) = Po. Then f:‘r's; . VRS )
» o - T a 3 " = PD +. 2 = .-
- ' ' 2o ; ?l gyﬁf—Eggas Yo
. i bl Y ﬁ =
oot 3 . ' -
%
_ ) . ¢ I
3 : & y -
i 9] .
p P | 2 ﬂ a ,}
* \ ;




" “we have . .4 .;'zy,'- '.QQ ifff%," )

. fﬂ‘g,'

Ncw if it is true that Py a'Pk 1 ‘we have, fallcwing the same 11ne ; 

af argumeni,that r;:_:”? o '_.‘ o ";;;

: VT P 4+ P IR
Y pes B — Lo Pk—l IR

I
_ AR Pk+1 Pk . o
It fallcws by the sec@nd principle (if fer all natural numbers J

énd:fthéréfore; --,ff5?'

: 4
Pk+l PQ) that in 80 far as fcrmula (1) hclds, all Values of

A

Pk Pé;, In @thar werda B ST . "’AF' Lo

l 8s than cr equal to k the values of Pk are all equal to PQ thenlzT}

RN Pu- = Pos for. lc = 1__vh,._n P D

L L R S L

for k Dllcws £rom C(2) thats!

p. = Fo +“EO P
Tt

. ? 3
i

We see then that if the ‘man Gﬂ thé 1eader‘s right gets the same
. amaunt as ‘the leader, 80 daes every@ne else.

b Suppcse Pl <. PO. Then from Ca

p, = Fo + F2
042

we have :
7; H. ‘ .. i

Py + Pg ="Pg =Py ’
& < Po

. Assumlng that Pj < P <Py for allgnatufal numbers j such that

J-1
j‘g k WE see by ap%lyiﬂg the same argument to

T Pror = 2P = Py T~
I Lo | ‘

153




: Ehat Pk+1 { (PR + Pkﬁ ) - Pk 1{ Pk < PO 1nsafar as f@rmuia (1)

fﬂﬁz,- halds. Fer k =.n. Wa have, in particﬂié%’*5¥- ~;f5?r*f
e | :_”Pn <Popg Pq- S

EHR L . - _
_ But, from (2)_17 S 5 as_

{ (Enh+ Pn_l) - _1;<
T < Bg _ R

' cenﬁradictian.' We cenclude that ﬁhé man on the right caﬂ?ct
',receive 1ess than the 1eader.,_ _ ‘ o
Pl } PQ. EW an’ argument exactly parallel ta that Df (b)

TS éan be. shown that this is not pcsslble.

UQ’anluainn*__Cmein1ng%$he resuits &——b, c, we—see—that—the—inc;*:';“f

*

 may cnly be divided 1nto equal parts.
=5*15._ (First’ Principle) - f  @'E.;

-
[

A 1 ] B | '
IR I First we begin with the praaf that pn and qn are relatively
t-{ _prime, that is, Pn- and dn have no common faéter greater than cne.

' Ihitial Step The asserti§n~is true fcr n=1,

P,
guential Step. Suppase the %sserticn is true for 3%,‘>We

e

. prove, 1t ‘true far Pk+1 % From
g S | Q1

Pl ;= P +°%; 9y = Pk 4 Ak

we obtain

&’
C!I{ = pl{-lil_ _ qk;ﬂ .7 .
o 7 ’ T : .

It fallaws at once thatany common factor @ﬂiPk+l and!é§+1 is a . an

- common factar of Pk and qk* ‘Since 1 ls the greatest pémmau dlviscr
, : @

Df Pl{+1 aﬂd qk+1i o : - B f;{%}r; _ ' ‘e?d‘
K+l S B a-©




Far the purp@se Qf answering the rest af the questlon we dafine-"

f':Néﬁgllét us attempt to rep:

the ef?sg at the n-th stage Qf appfcximatign aa.s:':F'J;%~ff

en =Pn - VB
g -

Ty
Ls

_,ent 1k+1 “in term ;ﬂf ek.!»W§ hévg i:

e =Pl e

.“1' .

ERER (x +-/§ + 2) sﬁ(ew e 1)
A (ek+ﬁ+1) T

I

1_natcr by 1.+ 2 tc’cbtain

o 1)

ék T ‘/2 T 1

?ﬁ,f.g'(l - i¢§) ey |
"'ek+,/2+l_=

_In Qrder ta simplify the wsrk we. multiply ﬁhe numeratcr and denami—f-

—é k

(1) .‘,'*Qlcﬂg (fa+1)g+e1{(f+1) ‘

‘From this izgylt{ﬁe shall obtain all we need. Two things are clear

4%?&&ﬁéminatﬁr;-the-denéminataf will be positive, even greater than

" denamlnator Dk+1 in (1) that

one, and ekil will have @ppasite sign from ey

' First we observe that |ey| = |1 =2 I 1. - If Iékl < 1-we v

‘show that Iek+1| 1. In crdér to prove thils we observe for the

? 47
iy
Ry B

;<f+l) [f+(1+ek‘)3-

ot

ey 1s small enough, 1t will have little effect in the




a *

ﬂSince 1 + ek } 0 it fallcws that

. (2). Dk+1 ::-Jﬁ(J/_ + 1) - 2 +f> 2 }1__" ;:;;

'Entering this I-eault (1) we see that: (
;{ | b{e hav& pmved by matt)ematical induction that. |en| < 4 fop all__ |

. Qnatura% numbers n’ but\we have prcved-mare‘ Since the dencminatcr .

-'=Dn+l is pasitive it fDllGWE immediately frcm (1) that the errcr -

'alternates 1n sign; sincé en+1 ; —en/Dn+1- We hize ncw cnly tD “af

! ilpf ‘errcr can be made as small as desi d. - In fact, we
7‘ &
%‘ -
L L1 Je“ 1' 1“
e ) _ : _
' . 1
<3 e
Segﬂential Step _ | ? \
From (2) above we have proved Dn S 2 +4/2 5 2 for all ne If
- then ' i
NS L
leyal = A

With thls result, the prdof 1s complete.
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IA”*léglf(Firaﬁ”and'SecéhafPring

ithematiéalfpféblémsgf'

'nkins of q(n) as the.»“
ink of P(ﬁ) as the

With this idea in f

‘the criginal prablem?




q(n) = PL(]-) + Pk? ‘2) "S‘ *E"-(n)

7far eaeh natural number n.

R In;tlal Step

In this case, pl(x) = A + Bx and the sum o

S . _ Pl(l) + Pl(g) +_ :.s-,i- . +Pl(n) :
is an arithmetic progresaicn ﬁlth fifst term A o+ Eiand common

dlfference E

'ﬁg Hénce, _"y:, Etercise 2 o
b o 91(1)

. 'J’l’

H}g and the pclyncmial q such that T » f 'ﬁﬂg-ij .

(x) B x' + (A + E)x,'.

- Ak aré ail trué; fﬁéf?i$3 the result ia prcved for palynamials cf

degree at most k . : = L ~;{=;' . fyu,., y o
- We, may write -any polynomial of degree k + 1 in the fcrm

P}c+1 (rx) = axkﬂ + Sk(x) (a2 # 0)
where Skﬁx) is Df degree k at: most * Since; by aur induction hypc-*;
thesis; the sum - ""'Y'iz_f” N ‘
Sk(l) + sk(g) e v o+ Sk(rx) _ o
is the value at x =n of a polyncmial Gf degree at most K + 1 Wé%

L=

need nat concern curselves with the contributian of Sk and can

devate our atteﬁti@n prlmarily té the term ax¥*tl, we Set; w®
Q(ﬂ) Pk+1( ) + Pk+l(g) + « o« « pk+1(ﬂ):




___andf—us;ng_iﬁdﬂdme fama s i,f‘;;7 SR

' and, setting m =k + 1, we get

- WE wish tc c‘.ampare t.his with the aum thained in (3)  We

. wé cbtain o

q(ny = a[lk+l %*23*;f4i;‘;ﬁg+nk+1] + [Sk(l) Sk(9)1 vee #S(n)k5)

therefQEEJf*ii §i

define, by analcgy with (2),

iff(x s.l)m*l (6)

by the Einamial Thgbrem and ccmbine ﬁgrmsu\

rm(x) = xmwr
) lﬂ+1

;;_

If we expand (x -

S ﬁ

?‘m+ m+l

'iﬁrﬁﬁx) = xi?;“ t

(m + l)}: +; 5- A-: +( _l)m+1

(m + 1)x + tm 1(x)

Iy

1

-xt Er l ' r (x) -
?T?TT'[m

¥

xk+;f :ii.[rk+1(x)j-itk(§)3f (é} ,f

Substitu%ing this result in (&), we have o

< b (%) =-E‘§‘§[Pk+1(x) - telx) ]+ Sk(x)

brkﬂ(x) +ovex) | R (9)

where b = k

# 0 and vk(x) = Sk(x).i Eﬁégg ty(x) 1s of dégreé

S

at most k. We now substitute (9) in (5) getting
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": .15 a pclynamial_gf degree k + 2, and the

.?iié){__ﬁ:i *iv;f‘ (ﬁ)j;J _‘

by

+tv5 Hn(2) +vk(n)~

:V-I;- ,}5"
t_ﬁby CBY éur,lnductian hypethesis asglrts that

nk+2 S+ [vk(l) +. vk(e) + .:ég;v+ vk(n)]

Vk(l) + ’V"k E) + .-’:.- +vk(n) = Wk:+l( ) L
where Wk+1 is a. palynnmial Df degree k + l at mest-

K+2
+ Wk+1(;)

q(x)

'inductien ;g cam?

:!.'.

. ‘Q" .'-

(1)

Wé must now pro
X —\"1')m+1 s (

o7

?’7Ingt1a1 Step

\\ - ey P S C T e

;If m=1, we . have :':lf R R
| ;>-};1} *?l ';f x2 - (x=ﬁ 1)2-5 |

(Sequential Step e ,-f“j SO » _=;'a3;'!“;ﬂ g‘ _ l;jﬂ.:?i.;

” ]
R

S
k. At the (k + 1) th

e
a5

Assume the result is true form

n"’p

7stage, we ‘have | Lot : S A e

. ;" + ‘x .
k+2 1)k+E R
vkl 4
) ”]i%xk+¥

rk+l(3) =X - (3
®KF2 4 (x - 1) [gkHl - (x - 1

k+1
X

-+ (x—iXI(E4l)xk %-tk_;ﬁx)

A4 (1) L ()RR 4 (xe1) e ()

k+1

o (k + 2)x + (x) i
where tk(x) = -(k + 1)x¥ + (x - 1)tk 1(3) is a pclYﬂDmial Df N

degree at most k. This is the desired result.
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i. R
‘x_r, e

: It ia aaagsta aaa thab Wa can navar hava f(m)ff g

'fgll 32 and cénaaquaﬂtly g(n) 18 an avan pawar af~f“"ﬁn

.fara ahaw only that m'= n,; + 1 is tha laaatrna;

Ef?that f(m) a g(n) , It ia ccnvaniant to braa this

*

a) f(n + 1) } g(n), and :~-ﬁﬁj

b) f(r) < g(ﬁ) fér all r.§ ﬁ S

R S
d .

5t() > ggln - 1) _ - seelne)) (| 11)

- '*# _3§_1a_a*a¥ricﬁ1y lncraaaing—funatian—cf Xy ?ftW" _— '{'W;w
] 7 T

| Ayl £(n)y éa(n - 1)
;ior, ainaa??%n) and g(n-l) ara natural numbara

# ?q_fM)}EQn—1)+i AfA. f(gj-

=3

aut (2). ‘implies
. N AJ_ ; ’ Bf(n) ; 3Eg(n - 1) % 1 —»B'Qg(n -'l):

Cor s f(n +1) 33 g(n) = 2g(n) + g(n)’

“or, . ainca g@h) 1aga natural number and tharefora g(n) >1

. N | f(n + 1) > Eg(n) +°1. o (3)
WJWa hava ﬁhua provad that (2) ia equivalent to (1) and impllaa (3)i“."
 -Thia is all we naad to rova a). Lat our aaaarticn Ap ba : |
£(n + 1) > g(n). o ) o |
‘v;n;tial Step: ’ '

"If n =1, we have

£(2) = a7;ag(1)+1sag+l=1a..

{
. . ) ]
. 3 - . [




?TQ*u*E—impiieg——as—we—have-shaw1 ;“'““ -
G W -, '1_ f(e) > 3(1)
s ,and Al ig thus verlried T : .

xi“ guential SteP

Wé assume the truth of A ,'ﬁhicﬁééserts'fﬁgt,j 
o f(kk\+ 1) > g(k).

- As we have séen, this is equivafent té "f‘, Vi» 0
S '_§ '___ ’ f(k)ig Eg(k -1) +1

=

e p(ee 1) yee(k) v 1,

‘a
').

_G@pigh”isAeégivalentfté.:'

-iJ.y 72;,;fm+2)3mH@.wwm J§5}3;Q;

e == —— e

:;Thus Ak imglies Ak+1’ and the inductive prc@f of part a) is ‘com~

,-s“'

- plete; ; S ' ;; '.  Lo ' _ o : }
_’ Wé must now préVé part b) f(r) < g(n) for all r!S n.: Since, |
“as has iién Qbserved Xi SX is a strictly ingreasing functlcn -

'=:¢f x, 1t suffices to- préve the case r = n.

’ finiﬁiai Step - - _e R
, £(1) = 3 < 5(1) ' | T
rSequential Step: Assume f(k) < g(k) Then, since g(g):; 1, £(x) -

<gm)+gm . og(k). e ey
But £k +1) = 3f(k) and g(k +1) = Qg(k) ng(k)’ and therefore |

f(k +1) ¢ gk + 1), which completes the 1nduction for part b) and.
thus the proof of the thecrem. ,
S %18 (First Primciple)

(The teacher will have recognized theése as Fibonacci numbeps.)

P

[62




_i  Y)( ?f;“ fn» xy(iﬁag ynﬁé)

= ﬂ~ W B B *

: hint WE cbtaln by experiment ;ﬁjgf' U! ?hf

“>f§eguéntialﬁ$£ep: : S ”33-,-A] o .

'“Ense uently, 1f In 1 and I

}:and Ik+l>are 1ntegera.”_'

‘JInitial Stap

1s Iﬁﬁf

2 are 1n%§gers g0

‘We have by tﬁe'érgumEﬁt abéve

. Qi::

Hl
o

IEE

t

. We assume that the ﬁhearéﬁ%is %%ge for n = k.
I T SR S "

Typ = Tian + L,

The asserticn Ay which we have assumed tru ?s thafémg anlv

": int§gers. C@nséquently their sum lk+g 15 an 4 teg!

16y

’inciple and take fér the aasertion Ak that b?th I,

ﬁ'order tc frame ‘a’ prccf by math%matical induetién ‘we'use .




= 1k+1

Ik' + Ik§1

reaks dgwn i‘cr k = l but that the r‘ésu, t that
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) \ Exerclses 2 - 9 Solutions *
. ¥ = N . ’ . o, TR .
) 7 . ) . . & ea . . ' 14
1, a) x—2x =1 . - , .
a .. - s _}, L im.
- b) ‘X%ﬁ&i -1 - .
v ¢) "x—hx3 - 9x? +m . B
R Al L -Eﬁ!
4 Yo 3 aﬁﬁ" 4 i
d) x-—=ux3 - 9x° 41 * .
) 2z @ 5 M N
2. a) x—f;’;é or x—+ x< + 1 7
‘ 3 3 ¥ o
b) x—ex” O Xx—Xxy + 1 - ‘
o) 3 N
L’) X =X ~ + Ok vl X - A.Q &J 1 D ot
d ) A f}%f %t n 2 i“l " vel noeop g [T oA i
E = = ¥ - == =
5 3 . 5 3
3. Tlicy d1ffe. L, w Cias
4, a) ;;j at X — . o0 o
—
L) A 1A uy
Ly .
) ” | % B ’ i
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Aruitoxt provided by Eic:
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7. - X at x =
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(2,'—l) = =1
(4, 2) 4(1) .
. if y B .. .
(ilx S) (Q:‘l); (253)
: (x - 0) (x-2)  ox(x - 2
Sl(x)f 5 ) B 327 = g,gr(%:wg)
. Sg(x) = - 2)
gs(n) - 3
5("‘) - él(f&)
E;\A(zx) Afi i
L;f:i o MHa 3
. 1= 2
i Lok i) =
s () L
54 ('—“) 4
T | i i
Lo Ly { A) \ . }
L 2.t n ::-2 Ty
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4 . Exerclses 4 - 12a 3

1. f(x+y) =0, £ (x)=0, £ {y)=0; hence (6) becomes
O = 0.0, This function does not satisfy (3) because divis
by zero is not defined. The functiom f is x——ﬁsi%a% and 1s

itself not defined in the case g(0) 0.

2. £ (x +y)

I

1, £ (x) =1, ¢ (yﬂ = 1; hence (6) becomes

‘L = 1«1, This function also satisfies (3).

3. Eguatlon (.,j) Ltakes Llic Louiwm
\ _ /
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u)
YYD
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R 4
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2. Stnce f(x) # 0, we mayféﬂivicle (8) by 1t. ‘This gilves the

required equation.

_ ' g Exercises 4 12d . o
£(1/3) =a¥? . rs) =a¥S T v
£(1/4) = a0 p(ass) 2 a5 i 1"_y,ééf?ﬁs_

£(3/5) = ad/5 , T R

Lo
.

it L]

|
w‘ -

£(3/4)

m I—% ,‘

3. t(r) - r(r-1) -~ lf,(l)_] = 1% - Ly (13) o e
b Ltf and + al'e Loth paal Live ralloual nuwvers, Lhea . sv 18 éig.
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Exerclses 4-12e

1. £(1/3) ;f@y3l);[fu)ﬁﬁ3=alJ3
e(14) = &Y pamy =¥
f(l//E?) = 51/55 f(2/5) = f(g’l/5) - [f(1/5)]2 - 32/5

£(3/5) = a%3; r(u/5) =a ¥/5 J
2, .f («31% .371
2. 1 (1o0p) = a 3 -

S. (L) - L, when £(r) = f(a-1) - 0(1))"

- 4 1
k L L‘(d) [ -} wdllve wind L ]
i L a i 2
CCa) -0 g ) (L Qe ) | X .
Bacivlue & [Ty
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Similarly, £(3x) = 3f(x), £(4x) = 4r(x), and so on.

Proof that f(mx) = mf(x)
Initial Step: £(l+x) =1(x) =1-f(x) .
A S
Sequential ,Step: Suppose f(kx) = kf(x) for some natural
number k. Then
Fl(k +1)x] = f(kx + x) = £(kx) + £(x) by . (1)
= kf(x) + £(x) 7
- (& o+ 1) £(x)
et (P
£ o
d) L fn) - e g
L(n)
tlais. . & L‘(I%) é ’ f{;\g
G) vi. 1Le i fﬂ:«n L 11;2\,; A\a, éll ;&«,)
ey :)Ll\ g Loy no&
L \l;'—:) 4 iy
i1
i
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= rf(x),

g) ;r;(;;*} f_;‘f(r'-l) = rf (1) ) ' '

o “.;férvallsraticnal r by parts e) and £). -But

bvf(lj a,

hencé'f(r) ar.

* h) If x is any irrational number, there are rational numbess

r and s’ such that

I' ¢ A ¢ 8 !Q"";e

and such that x ¢ and -4 are aibl trarlly cluse Lo zeru.

We lLiave,
L-(L) s, L\u) ai

Q, alid

It t 18 woes . lugL‘ﬁ;sglué a

£{r) = a1 . ax o A = o)

e Jdlife, e, .. aan = L\aé’/) - aXx al I
aand L) !J’n - .t o)
Cast Lo, o s addiy Llw L - L
Leal AUWntal A wad e 8001 o0 oL - v o 4l o)
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This must be true, in particular, for x

therefore
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op/T + 1 sin T = -1 4701 = = 1

(93
o
LY

i

cos 3T + 1 sin 3w -1 +'De~?:: -1

e e—gaé%+isin#=%+ ‘%-i, ‘

o= ‘

e) e "7 = cos 0.5 + L ain 0.5 =-0.,3776 + 0.47941 s




